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1. ABSTRACT

In this thesis we focus first on studying the susceptible, exposed, and infected (SET)
disease model without immigration. We determine the basic reproduction number R, which
can be interpreted as the expected number of new cases that can be produced by a single
infection in a completely susceptible population. Further, by using the Jacobian matrix,
we determine the local stability of the disease model. Then we have the result that when
Ro < 1 the DFE point is locally asymptotically stable(L.A.S). In contrast, when R > 1
we find that the endemic equilibrium is L.A.S. After that, we analyze the SEI model with
immigration of infected individuals. Furthermore, we investigate the direction that the
disease-free equilibrium moves, as a function of Ry, when this immigration rate increases
from zero. There are implications for what must happen to the disease-free equilibrium as

the immigration rate increases away from zero:

e If Ry < 1, then the disease-free equilibrium moves to the interior of R%,

e If Ry > 1, then the disease-free equilibrium moves away from RY,.
This is an interesting phenomenon. In fact, we also study the susceptible, infectious, vacci-
nation, and recovered (SIYR) disease model with immigration of infection individuals, with
the same mathematical procedure as for the SET model. Our study shows that the phe-
nomenon is continuing. Then, we will consider the phenomenon for a general model, using

matrix theory.
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2. INTRODUCTION

When mathematical equations describe real life problems and their associated behaviours,
this is known as mathematical modeling. In epidemiology, mathematical models help sci-
entists to understand and control the spread of infectious diseases. Further, disease models
address the transmission of infectious diseases among the population. The disease pathogen
can be viruses, bacteria, or parasites [3].

Through basic pestilence models, scientists classify the human population into three cate-
gories : susceptible, infectious, or recovered (SIR model). However, certain types of diseases
have incubation periods that contain the disease for a period of time. For example, “measles
has an 8 to 13 days exposed period” [20]. For these types of diseases, the basic model needs
to be formulated to address this exposed class. As a result, the SEIR model is used to
classify the population into susceptible, exposed, infectious, and recovered [20]. Indeed, a
disease model may also include the vaccination class (Y) that shows effectiveness of a vacci-
nation, so that an STR model becomes an STY R model as in [10]. However, disease models
can include many different compartments. In fact, disease models can take more general

formula that includes many infected and uninfected classes.

Also, in the disease models there are individuals who enter from outside the population
and may be infected with infectious disease. These individuals known as immigration [2]. Tt
is significant to consider the diseases transmission models with immigration. In particular,
study the impact of the immigration that has on the disease free state which is no infected

individual in the population.

2.1. Motivation. An understanding of the stability of equilibria of disease-transmission
models is an important concept in biomathematics. Recently, much focus has been given to
the analysis of the stability of disease models. The global stability and the basic reproduction
number were the main areas of study in [10], [18], and [19]. Since there are a lot of studies that
have been done on disease models without considering immigration of infected individuals,
analysis of the spread of infectious disease with immigration becomes an important branch in

understanding the relation between infected and susceptible individuals in disease modeling.
1
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For models without immigration, we often find the following common results that are

stated in terms of the basic reproduction number Ry:

o If Ry < 1, then the only equilibrium is the disease-free equilibrium, on the boundary
of RY,.
e If Ry > 1, then there is the disease-free equilibrium and a unique endemic equilibrium
X* e RY,.
There is not a disease-free equilibrium (DFE) nor a basic reproduction number R in models
with immigration. In fact, for the models studied in [10] and [18], each of which included
immigration of infectives, it was found that for all parameter values there was a unique
equilibrium X*, with X* € RZ,. Therefore, the immigration can change the qualitative

structure of the disease model.

In this work we investigate infectious disease models that account for the immigration of

infected individuals.
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3. MATHEMATICAL MODELS

3.1. The SEI Disease Model. The susceptible, exposed, and infectious individuals (SET)
disease model addresses a disease that has latent period between being infected and becom-

ing infectious. In the SET model the total population divides into three compartment S, F,
and I.

The SET model without immigration was studied first as a special case ofthe more complex
model in [14]. It shows that the stability of the model when the threshold Ry becomes less
than one the disease dies out and the DFE is locally asymptotically stable. Otherwise, when
it becomes greater than one, the disease approaches an endemic equilibrium and is locally

asymptotically stable.

In fact, it shows that the new individuals enter the S class at rate A and they move to F

according to the incidence function ST that shows the rate at which susceptible individuals

o
a2

become infected. Next, a fraction of latently infected individuals become infections;
thoes individuals that become infectious do so after spending, on average, at time é in
compartment F.

However, the exposed and infectious face death rate usE, usl, and susceptible individual
face death rate u1.S, with 0 < uy < ps, u3. The disease transfer diagram in Figure 1 shows

the movement of individuals.

The SEI model without immigration is

as
dr
dl
% =akl — /,Lg]

We assume that A, 3, a, i1, fig, 13 > 0. The initial condition is Xo= (S(0),E(0),1(0)) € RZ,.
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A pBSI ol

pS po B sl

F1GURE 1. The Disease Transfer Diagram of the SET Model

SET model of disease transmission with immigration was studied first in [18] . It showed

that there is no basic reproduction number. Also, the model has an endemic equilibrium as

immigration becomes positive.

In the SET model with immigration, it arrives at rate W distributed in compartments

according to the fractions p, ¢, and r. Thus, we revisit the SET model, where p,q,r € [0,1]

are the fraction of immigrants that enter the relevent groups as shown in Table 1. Thus

p+q+r = 1. In fact, the model with immigration is a special case of the model without

immigration with p = 1. To ensure there are infected immigration, we assume at least one

of q or r is positive. That is, ¢ + r > 0, and the disease model becomes:

as
ar
al
%:quLaE—,ugI

Then the transfer diagram can address the change as showsnin Figure 2.

Jpﬂ/ s lqﬂf JTW”Y
A g B oF 7
J p1S l poF l psl

FI1GURE 2. The Disease Transfer Diagram of the SET Model with Immigration
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TABLE 1. Parameters and Variables of SEI Models

H symbols Meaning H
S Susceptible individuals
E Exposed individuals
I Infected individuals
W Total immigration rate
A The rate that individuals enter the susceptible class
15} Mass action incidence cofficient
[ Per capita death rate of susceptible individuals
[4o Per capita death rate of exposed individuals
I3 Per capita death rate of infected individuals
Q Per capita rate of movement from E to [
p Fraction of immigrants that enter the susceptible class
q Fraction of immigrants that enter the exposed class
r Fraction of immigrants that enter the infective class
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3.2. The SIYR Disease Model. In the disease model with vaccination and immigration
in [10], it shows that there is no disease-free equilibrium nor basic reproduction number due
to the infected immigration. However, there is a unique an endemic equilibrium for the

STY R model of disease transmission with immigration.

In the SIYR model without immigration individuals who enter the susceptible class at
rate A may leave the class if they are vaccinated at rate oS or become infected. The vaccine
does not necessarily provide full immunity, so some vaccinated individuals may still become

infected at rate Yg(I).

However, under the vaccination effect some individuals may go to the recovered class at
rate 71Y as the disease transfer diagram (3) shows. Also, the susceptible individuals who
leave the class because they become infected at rate Sf(I), they spending on average % in
the infections compartment I, then the infected individuals may recover from the disease or
face death at rate (u + «y)I. Further, all S|Y, R class face death at rate uS, uY, uR. Also,
we assume (H1) the function f and g satisfy the criteria given in (5), and we have the

assumption that force of infection for vaccinated individuals (H2) g(I) < f(I) the force of

infection for susceptible individuals for all I > 0. The disease model is:

ds
¢ = A=Sf) = (a+p)S
Z_i =SfI)+Yg(I) = (v+pu+0)I

(3)
% =aS—Yg(I)— (u+m)Y

dR
— =mY +0l —
P pR
The initial condition is Xo= (S(0),1(0),Y(0), R(0)) € R%,. Table 2 defines all of the vari-

ables and the parameters of the STY R models.

The susceptible, infected, vaccinated, and recovered individuals (SIYR) diease model trans-

fer diagram without immigration in (3):
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1S (1 +1 pR
A Sf(I) 51
S I R
S
< Yg(I) Y
Y
ng

F1GURE 3. The Disease Transfer Diagram of the STY R Model

When the immigration arrives at rate W; ti distributed in compartments according to
the fractions p, ¢, u, and r, where p, ¢, u, and r are the fraction of immigrants that enter the
relevent groups with assumptions (H3) p,u,r € [0,1] and g € (0,1] with ¢g+p+u+r =1. In
fact, the STY R disease model with immigration is a special case of the STY R model without
immigration with p < 1. Also, (H4) pu, A, a,v,9, W > 0 and , v, > 0,

The disease model becomes:

%szjLA—Sf([)—(a—i-u)S
%:qW+Sf(I)+Yg(I)—(7+M+5)I
Py (4)

s =uW +aS—-Yg(I)— (n+m)Y
dR

—r =W mY 0l —uR
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The disease transfer diagram becomes as Figure 4 shows

4% W W
S I R
\AKM S (1+7) M\\M

S I R
oS

MMY

FI1GURE 4. The Disease Transfer Diagram of the STY R Model with Immigration

Functions f and g satisfy the assumption that follows:

for I > 0.

Assumption (5) in the infectious disease-transmission shows when there is no infection
(i.e. I =0) then the forces of infection equal to zero, whereas at I > 0, which means there
are infected individuals then the change of forces of infection becomes positive due to the
movement of the infected through the disease compartments or zero if there is no movement.
However, the second derivative of incidence functions is negative or equal to zero due to
the change of the rate change of incidence functions is decreasing as the infected individuals

increasing or zero if there is no change appear on the rate change of incidence functions.
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The infectious diseases are transmitted as shown by the incidence functions. The Sf(1), Y g(I)
are nonlinear incidence function (i.e. forces of infection) for susceptible, vaccination classes
instead of using the linear incidence function in the previous model [10]. In addition, the
nonlinear incidence function addresses the change of the rate that individuals leave the
susceptible class due to becoming infected with the disease. The nonlinear incidence func-
tion includes the Holling types by note that the third type does not satisfy the condition
R (I) <0.

These functional types have positive first derivative which means it increasing functions
of I, but the second derivative sign as shown in Figure 5. Incidence function type I is ST

which called mass action incidence function. This function has a linear increase in the first

BSI

Trml where m

derivative and the second derivative is zero. Type II incidence function is

is a ratio of characteristic time. In fact, this type appropriate when the f(I), g(I) have a

maximum value. In this case, the forces of infection is concave function which means the

BSIk

second derivative is always negative. The third typ is a higher order of the second type ;557

for k > 1. Type III shows that the second derivative becomes positive and then change to
be negative as shown in Figure 5, and this type of Holling does not satisfies assumption

h"(I) <0 [4]. Those types can apply to more complex disease models.
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Incidence Forces of Infection

functions

— vpe 111

— '['}-pe I

Infected

FIGURE 5. forces of infection Types
TABLE 2. Parameters and Variables of the SIYR Models

H symbols Meaning H

Susceptible individuals
Infected individuals
Vaccinated individuals
Recovered individuals
The rate that individuals enter the susceptible class
Total immigration rate
Incidence function for susceptible class
Yg(I) vaccination class
Per capita death rate of susceptible class
Per capita rate of vaccination rate from S to Y
Per capita death rate for non-disease reasons
Per capita death rate of recovered class
Per capita death rate due to disease
Per capita rate of recovered class
Per capita rate of movement individuals from [ to R
Fraction of immigration that enter the susceptible class
Fraction of immigration that enter the infected class
Fraction of immigration that enter the vaccination class
Fraction of immigration that enter the recovered class

S = B < =

~
S~—

Q [~
==
~
S—

sigleR|loRiRielslolx

10
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3.3. The Staged Progression Disease Model. The stage progression model was stud-
ied first in [13] for a model of HIV transmission. This sexual disease has many stages of
infections. However, the study of stability of the model shows the disease free equilibrium
becomes a globally asymptotically stable for Ry < 1, and is unstable when Ry > 1. Whereas,
for Ry > 1 the endemic equilibrium is globally asymptotically stable.

One of the special cases of stage progression model is the SET model that has two satges
of infection. In this staged progression disease model, the susceptible individuals become
infected according to the incidence function S Zle BiI;. This model is used to understand
the behavior of diseases that may have more than one infection stage. Therefore, the disease
model has multiple infection classes from 1 to k. In class [;, an individual spends an average
time vl before progressing to the next stage of infection. However, they also face death rate
wil; for all © = 1,2, ..., k. Also, the death rate for S is dS. For biological reason, we assume

that pq, ..., > d >0

dS

i AN — (B + Boly + B3Iz + ... + Bpli)S — dS

dl

d_tl = (B1Ly + Boly + Bsls + ... + Bili)S — (71 + p1) 4

dl.

d_2 =l — (v2+ p2) 2 (6)
t

dI

— =1 L1 — gl

dt Ve—14k—1 — Uil

The disease model transfer diagram as follows:

k
A s S ey Bili 8 1y L Yaolo Ye—11r—1 I

ldS iy pia s oty

F1GURE 6. The Disease Transfer Diagram of the Staged Progression Disease Model.
11
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When the immigration arrive at rate W separated into the disease classes according to

the fractions ¢i, ..., gx € [0, 1), which implies that ¢; + ... + g > 0.

The corresponding system of the differential equations is

dS

o pW + A — (B11h + Bolo + Bsls + ... + Bily)S — dS

dl

d_tl =W + (B1hh + Bolo+ Bsls + ... + Bidi)S — (11 + ) 1

dl

d—; =@W +71l — (72 + p2)ls (7)
dl

d_: =W 4+ Ye—1Le—1 — i

The stage progression model whithout immigration is a special case of stage progression
model with immigration with p = 1. All of the variables and the parameters of the staged

progression disease model are define in Table 3.

J oW l aW J LW J oW
A SZ§:1 Bil; oovh Yo1o Ve—11r—1
S ]1 _[2 o e k
JdS lulh lﬂzlz J,Uk[k

FI1GURE 7. The Disease Transfer Diagram of the Staged Progression Disease
Model with Immigration

12
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TABLE 3. Parameters and Variables of The Stage Progression Disease Model

H symbols Meaning H

S Susceptible individuals
I; Individuals in infection stage i
W Total immigration rate
p Fraction of immigration that entert susceptible class

g, t=1,2,...,k Fraction fo immigration that enter infected class
A The rate that individuals enter the susceptible class
Bi Mass action incidence cofficient for infection class 7.
ds Per capita death rate of susceptible individuals
Lbi Per capita death rate of individuals in infection class i for i=1, 2, . . . k.
i Per capita rate of movement individuals from [; to I;;4 for i=1, 2, . . . k-1

13



Effect of Immigration Reem Almarashi

4. BACKGROUND INFORMATION

This chapter introduces some basic terminology and results that are important to under-

standing the aim of this paper.

4.1. The Next Generation Matrix.

Definition 4.1. [17, Definition 2/. Consider the differential equation

r'(t) = f(x(t)). (8)

Let D be an open subset of R™, let f€ CY(D), and let ®;: D — D be the flow of the differential
equation (8) defined for all t € R. Then a set H C D 1is called invariant with respect to the
flow ¢y if ¢po(H) C H for all t € R and H is called positively (negatively) invariant with
respect to the flow ¢y if ¢,(H) C Hfor allt >0 (t <0).

Theorem 4.2. [8, Proposition 2.1]. Suppose % = fi(x1, 29, - -, xy,) for j=1,2,3,...,n and
that solutions are unique. Suppose that x; = 0 implies f;(x1, T2, -+, Ty) > 0 forzy, z9, -+, T, >

0. Then RY, is positively invariant.

Theorem 4.3. [17, Theorem 2.2]. Let D be an open subset of R" containing xo and assume
that f € CY(D — R). Then there exists an a > 0 such that the initial value problem & = f(z)

where ©(0) = xy has a unique solution x(t) on the enterval [-a, af.

Definition 4.4. Next Generation Matriz [19]. Consider a differential equation

#(t) = f(x(1)) (9)

where f : R"™ — R" is differentiable. We assume that the variables are organized so that
X1, ..., Ty are infected classes (including exposed and infectious, for example) and Ty y1, ..., Ty,
are non-infected classes (including susceptible and recovered, for example). We define Xpp
to be the disease-free space. That is, Xpr = {x € Ry : 2; = 0fori = 1,...,m}. We re-
write Equation (9) as @(t) = F(x(t)) —V(x(t)), where F consists of the terms that represent
new infections that enter the infected classes and V includes all of the other terms, with
V =V —V*t. The vector functions F, V™, Vtmust satisfy the follows assumptions:

(H1) If z € RY,, then F(x), V™ (x), VT (z) € RL,.

(H2) If x; =0, then V; =0fori=1,...,n.
14
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(H3) F; =0 for i > m.

(H}) If z € Xpp, then F; =V, =V, =0 for i =1, ..., m.
(H5) Let X be an equilibrium in Xpp. If F is replaced with the zero vector, then X is locally

asymptotically stable.

Now we begin calculating. First we construct m x m matrices F' and V. They are simi-

lar to the Jacobian matrices evaluated at X, but are m x m instead of n x n. Let

o0F, - 0F, , -
— (X — (X
8x1( ) 8xm< )
F=|: : (10)
OFm , < O0Fm , =
— (X
e (X) 8xm< )
and oY oy
1, 1 -
8_331(X) %(X)
V=] (11)
Ny = Ny =
oz, (X) %(X)

The product FV = is called the next generation matriz. Let \i, ..

values of FV 1.

.y Am € C be the eigen-

Then the basic reproduction number Ry is defined as Ry = max |\;|,i =

1,...,m. This is also called the spectral radius of the matriz and denoted by p, so that
RO = p(FVﬁl)

Definition 4.5. The basic reproduction number Rq is defined as the spectral radius of the

next generation matrix

Ro=p(FV).

An important concept in understanding the spread of an infectious disease is the basic
reproduction number Ry, which is defined in Definition 4.5. The aim of using R, is to
determine if the disease can invade the population or not. To calculate Ry, we study the
system of differential equations at the disease-free steady state. After that, we look to the

Ro quantity. If Rg < 1 then a low level of disease will die out. If Ry > 1, then the disease
15
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can invade and survive [9].

Definition 4.6. An equilibrium of disease model for which the infected individuals 1 = ... =

xn, = 0 is called a disease-free equilibrium (DFE) [6].
4.2. Equilibria and Local Stability.

Theorem 4.7. [19, Theorem 2/. For models without immigration, if Ry < 1, disease-free

equilibrium s locally asymptotically stable, and if Ro > 1, then disease-free equilibrium is

unstable.

Consider the system of ordinary differential equations given in (8.1) where z = (zq, -+ , z,)7
and f = (f1,-, fu)T. The local stability of an equilibrium is studied by using the Jacobian
matrix

oh . oh
ox 1 6xn
J=1": - : (12)
Ofn Afn
8%1 6xn

If all eigenvalues of J evaluated at X* have negative real parts, then X* is locally asymp-
totically stable. In contrast, if one or more eigenvalues have positive real parts then X* is
unstable.

When n=3, we can use the second compound matrix. Consider the 3x3 matrix:

A B C
M=|D E F|. (13)
G H I

Definition 4.8. [12]. The second compound of M, denoted by MU is defined as:

A+E F —C
M= A+1T B |. (14)
-G D E+1I

Theorem 4.9. [16, Lemma 3]. Let M be a 38X 38 real matriz. All eigenvalues of M have
negative real parts if and only if trace(M),det(M),and det(M?) < 0..
16
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4.3. M-matrix. Many disease models present matrices that have a certain sign pattern.
One significant form is the M-matrix, which has nonnegative diagonal entries and nonposi-
tive off-diagonals. M-matrices are important for many biological systems including disease

models. Therefore, we introduce some properties of M-matrices, that are used later in the

paper.

Let A be an n x n matrix given by

11 —Qi2 —ai3 - —Qip
—a21 Q22  —Ag3 -+ —Q2n

A= —a3; —a32 a3z -+ —agnp| - (15)
| —Gn1  —0p2 —0Ap3z - Ann |

where the a;; are nonnegative. Note that A can be expressed in the form A = sI — B,

s € Rug, and B > 0, so the matrix B is a non-negative matrix [1].

Definition 4.10. The spectral abscissa of matriz K is s(K) the maximum real part of all

eigenvalues of matriz K [19].
Definition 4.11. The spectral radius of a square matriz K is defines as

p(K) = maz | \ | (16)
for A € spectrum(K)

This definition means that the spectral radius of a matrix measures how far the furthest
one is from the origin. If the K is the next generation matrix then, p(K') means the long-term

average per generation multiplication number [6].

Theorem 4.12. [6, Theorem 7.3]. Let B> 0. Then the spectral radius p(B) is the dominant
eigenvalue of B. That is, |\| < p(B) for all other eigenvalues X of B.

Definition 4.13. A matriz A is called an M-matriz if there exist s € R and B > 0 such
that s > p(B) and A= sI — B [1].

17
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Definition 4.14. A square matriz A = [a;;] has the Z sign pattern if a;; < 0 for all i # j

,and we say that A is a Z-matrix. Z is the set of all matrices that have the Z sign pattern [1].
As a result, M-matrices are a sub-class of the Z- matrices [1].

Definition 4.15. Irreducible Matrices : Let the (i,j) entry of the n x n matriz D be denoted
by dij. Let S ={1,2,--- ,n}. Suppose there exist disjoint non-empty sets I and J such that:
1. S is the union of I and J.

2. d;j= 0 whenever i € I and j €J.

Then D is said to be reducible. D is said to be irreducible if no such sets I and J exist.

Suppose A is reducible, with index sets I and J. Then, in the directed graph representa-

tion of A, it is impossible to get from any of the vertices in set I to any of the vertices in set J.

If I= {1, 2, ..., k} and J= {k+1, ..., n}, then the matrix A has a block of 0’s filling the
top right portion of the matrix. This block of 0’s will have k rows and n-k columns. If T and

J are different, then the basis of R"™ can be re-ordered to put A into this form [5].

Theorem 4.16. Let A be an irreducible Z-matrixz. Then each of the following conditions is
equivalent to the statement “A is a nonsingular M-matriz”
(i) A7 >0

(i1)Ax > 0 for some x >0

Theorem 4.17. [7, Theorem 5.1.1]. Let P be a Z-matriz. Then the following properties
are equivalent:

(i)P is a non-singular and P~' > 0.

(i) The real part of any eigenvalue of P is positive.

(i11) There exists a vector x > 0 such that Px > 0.

Theorem 4.18. [7, Theorem 5.2.10]. If (V —F)) is irreducible M-matriz, then the following
statements are equivalent:

(i) (V—-F)"t>0.

(ii) There ezists a vector x > 0 such that (V — F)x > 0.

18
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Lemma 4.19. [19, Lemma 1]. If the xq is the DFE of equation &; = f(x;) = Fi(x) — V;(x),
for alli = 1,2,--- ,n and f;(x) satisfies the conditions (H1) to (H6) in Definition 4.4,
then the derivatives DF (xq) and DV(xo) are partitioned as

F 0 vV 0
DF(zo) = , DV (z0) = , (17)
0 0 J3 Jy

where F' and V' are n X n matrices defined by

=[5 -]

(18)

with 1 <i, and 7 < n.

Further, F* > 0, V is a non-singular M-matrixz, and all eignvalues of Jy have positive real

part.

Lemma 4.20. [19, Lemma 6]. Let H is a non-singular M-matriz, and suppose K > 0.
Then

(i) (H — K) is an M-matriz if and only if [ — KH™' is an M-matriz.

(ii) (H — K) is a non-singular M-matriz if and only if [ — K H™ is a non-singular M-matriz.

(1) (H — K) is a singular M-matriz if and only if [ — KH™' is a singular M-matriz.

19
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4.4. General Disease Model without Immigration. The general disease model without

immigration given by the differential equation

#(t) = f(x(1)) (19)

where z = (x1, 29, ...,x) with x; > 0 for all ¢ = 1,2,..., k. In fact, there is a clear distinc-
tion in z;, where the x; for ¢ = 1,2,...,n describes the infected individuals and, whereas,
Tpt1, Tna2, -, T are uninfected individual. At the disease-free equilibrium (DFE) state, all
infected variables are 0, and uninfected variables are greater than or equal to zero. The
disease-free space is Xpr = {x € R’go cx; =0fori=1,2,...,n} . In fact, the zppg is the

disease-free equilibrium point.

To analyze the disease model, we differentiate between the terms that represent new infec-
tious individual and all other terms. Therefore, we present JF; that includes all new infected
individuals entering the i** class. Whereas, V; includes all other movement in and out of
the i** class. This includes V~; which addresses the death rate caused by disease or natural
reasons death, and per capita rate of movement form class ¢ to other classes. Also, V*;
includes movement into class 4 from the other classes. Thus, V; = V; — V;". Thus, we could

write the disease model in the form: &; = f;(x) = F;, — V;, for i = 1,2,..., k.

We consider the disease model under certain assumptions. Since F;, V1, and V™ describe
the movement of individuals in the disease model, the first assumption states :
(A1) If z; > 0, then F;, V7, and V;"> 0 for all i = 1,2, ..., k.
However, if x; = 0 for some 7, then there can be no transfer out of z;.
(A2) If z; =0, then V; =0 for all i = 1,2, ..., k.
(A3) F;,=0foralli=n+1,n+2,.. k.

This means there are no new infections that appear in the uninfected groups.
The conditions (A;), (A2) can be used to show the positive invariance, of R, In order to
prove the invariance of disease-free space, we state the assumption:

(A4) If x; € Xpp then F;=0 and V*; =0 for all i = 1,2, n.

20
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While the functions F;, V*; and V~; are continuously differentiable in each variable, we
assume that:
(A5) If F is set of zero then all the eigenvalues of D f(zprg)have negative real parts which
means that the disease model at DFE is locally stable.
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5. SEI DISEASE MODEL WITH NO IMMIGRATION

In this section, we study the stability of the SET disease model without immigration in

two cases, depending on whether Rg < 1 or Ry > 1.

as

dr

—r = BSI—(a+m)E (20)
dl

% =akl — ,LL3[

with A, 3, i1, fig, i3, & > 0 . The initial condition is Xy = (S(0), £(0),1(0)) € RZ,.

5.1. Equilibria. In order to ensure the existence of a unique solution to the SET model with
a given initial condition, we apply Theorem 4.3 to the SEI model (20). Letting D = R3,

there exists an a > 0 such that the IVP has a unique solution x(t) for t € [—a, a.

To study the disease-free equilibrium (DFE) we set £ = I = 0. Then we get the

equilibrium (Sp,0,0) = (—,0,0). However, this model may have an endemic equilib-
21

rium point (EEP) with E # 0,1 # 0. In order to find the EEP, we let 9 = 0. Then

the third equation in (20) will be E* = £2[*. By substituting this into ‘fj—f = 0, we get

A o *
S* = —(a +;g2),u3_ Then we substitute S* into % =0,s0 I" = ﬁ—gjs After that the
o
A A
EEP is (5%, E*,I*) = (m psp Aof 1), af 1).

aB o Brps(atp) B pmaps(at pa)

The basic reproduction number will be found by using the next generation matrix. We
now change the order of the variables to (E,I,S) to agree with the method described in
Section 4.1. Let
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BST
F = 0 (21)
*
and
(v + p2)E
V=| —aF+pusl |. (22)
*
Then,
A
0 B—
F = Ml (23)
o+
[ S (24)
and,
(cv —|— 0
o) 1 (25)
(o + pa)ps s
Thus,
LA BA
FV== | (@+p2)pspn  papa | . (26)
0 0
. . BAa . ..
The eigenvalues of FV™" are Ay = ———— and Ay = 0. Then, by using Definition 4.4,
(a + p2)pspn
A
Ro = — P20

(o + po) prapin”
Note that, we may now write SI* = u1(Ro — 1). This will be useful when studying the

stability of the FEP.

5.2. The Stability of the Disease Model. Theorem 4.9 can be applied to model (20) in
two cases: when Ry < 1, and Ry > 1. When Ry < 1 we have one DFE point, that is (Sp, 0, 0).

Conversely, at Ry > 1 we have two points, the DFE and the endemic equilibrium (S*, E*, I*).
23
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o,
oS

o
oS

ofs

LOS

o1,
or

o%:
OF

Ofs
O

oh
ol

o1,
ol

Ofs
oI .

Case 1: Rg < 1. Then, at the DFE we have

and

.
J=1o0
0

[ —(pt1 + o+ 1)

0

Trace J=—(a + 1 + po + p3) < 0, and

(Bl +m) 0 —fS]
BI —a—py  BS (27)
.0 a s
0 —pA]
—a—py B (28)
T
o 5]
—t — K3 0 (29)
0 —(a + p2 + p3)

A
detJ = — py |ps(a+ p2) — Oéﬁu—
1

= — pps(a+ pg) [1 —Ro] <0,
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since Ry < 1.

A
detJ? = — (a + pg + ps) | (1 + pa) (11 + @ + i) — O‘BZ

_ [( +pa) (i + o+ ) aBA }
= — (o + po + pz) s + pa) _ e R

(1 + pa) (i1 + a + pio) ]
=—(a+p+ a+ -R
(a4 o + pa) pa(ev + pia) _ PR 0
Since (i + 1) + @+ pra) is large than one and Ry < 1, the term [('ul p)(p Fat i) - Ro
pis (o + pup) ps(a + pe)

is positive, thus, det.J!? < 0. Then by Theorem 4.9, the DFE is locally asymptotically stable.

Case 2: Rg > 1. At the DFE , we have

A
detJ(Sp,0,0) = — p1 | pa(a + p2) — 045;1} = —ppa(a + p2)[1 — Ro.

For Ry > 1, this is negative. Thus, Theorem(4.9) implies the DFE is unstable.

The endemic equilibrium point is (S*, E*, I*), using SI* = pu1(Ro — 1), and pS* =
ps(c + o)

, we have
o)
— iRy 0 (ot po)ps
a
J= R —1) —a—py QM| (30)
a
0 o —H3
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Then
Trace J = — [1nRo + o+ po + u3] < 0,
o+ o+
ety = PO () g — 1)) - B R R4 )
= — (a+ p2)puzpr(Ro — 1) + (o + po) pspnRo — (o + po) s Ro
= — (a+ p2)puzp1(Ro — 1)
<0,
since Rg > 1.
i o+ a+
_inRo — (o + j12) ps(ortpa) s . yi2)
I = a —Ro — 3 0 (31)
i 0 m(Ro—1) —(a+ p2+ ps).

detJ? = — (o + po + p3) [(11Ro + a + pa) (1 Ro + piz) — paler + p2)] + pa(a+ p2) {1 (Ro — 1))

= — (a0 + pio + ps) s + po)

= — (a4 po + ps)ps(o + p2)

= — (a4 po + pg)ps(o + p12)

<0,

(1 Ro + o+ pio) (11Ro + p13) 14 f1(Ro — 1) 1

L pz(c + o) Qo + 13
[(11Ro)? + (p3 + o + p2) i Ry 114 p(Ro — 1) }
I ps(a + po) Q-+ pig + i3
[(11Ro)?* + (3 + o+ pa)Ro | p(Ro — 1) ]

L ps(c + io) Q= flg + H3
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since Ry > 1, ans so

detJ? < 0.

Therefore, by Theorem 4.9, the equilibrium (S*, E*, I*) is LAS.

We now have the following result.

Theorem 5.1. If Ry < 1, then the only equilibrium is the DFE and it is LAS. If Ry > 1,
then there are two equilibria, the DFE which is unstable and an EEP which is LAS.
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6. SEI MODEL WITH IMMIGRATION

In this chapter, we study the SETI model as the immigration rate W increases from 0.
In particular, we focus on how the infected variables of the disease-free equilibrium change
with respect to W. After that, we look at the sign of these derivatives as a function of the
sign of Rg — 1.

The SEI model with immigration [18]:

ds
dr
al
i W + ol — psl

where p,gr >0, p+qg+r=1,and ¢g+1r > 0. A, 5, 1, p2, 43 > 0.

This model can be written in the form

[ dS T _ _ ;
at P A—(BI+m)S
dE
| T Wilaq|+|BSI-(a+m)E |- (33)
ﬂ r alb — usl
L dt ST ) .

The equilibrium equations with respect to W are as follows:
0=pW +A—=BSW)I(W) — 1 S(W)
0=gW +BSW)I(W) — (o + p2) E(W) (34)
0=rW+aBE(W)— pusl(W)

We differentiate the equilibrium equations with respect to W in order to study how the
equilibrium value of £ and I depend on W.
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oS ol oS
0=p— BW](W) - BS(W)W - le
oS ol OF
O— + 8_E_ ﬁ
— T %w T aw

6.1. Equilibria. At W=0 , E=0, I=0 we have the DFE

A
S -
M1
E1=10
I 0
Filling this into equation (35) gives
A 01 oS
0=p=0 aw ~Mow
A 01 oF
O—Q‘F@EW— (CH'M)W
0= + a_E — ﬁ
— T Y% T Baw
Rearranging, we obtain
_hor os
b= aw T Maw
A 01 0
q= —BEW (cv #z)w
E o
oW oW

(35)

(36)
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Writing the equations in matrix form, we have

_ e [0S T _
Ha 0 B oW D
OF
0 a—+ pue —B% W =1|1q |- (37)
0 - U3 ﬁ r
L A L7
Let
i 0 Bﬁ
A=|0 atm —pr | (38)
0 -« M3

We now use A~! to rearrange Equation (37), as

ow p

ow

or .
L oW -

[0S ] -i _5A « 5A 1 1 .
oW o ps(pe +a)(1=Ro) T ps(ue +)(1-Ro) | | P
oF | _ |, 1 gA L
ow | (o + p12) (1 — Ro) pa ps(pz + @) (1—=Ro) | | ¢
ﬁ 0 @ 1 L7

L oW i ps(p2 + o) (1 — Ry) p3(1 — Ro)

Thus,
OE 1 { +7”5Ai}
oW~ e+ -Ro) [T s
or 1 [ e r}
ow p3(1 —Ro) [p2 +
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OFE ol
It is now clear that the signs of PTG and b change depending on the sign of Ry — 1.

Theorem 6.1. If Ry < 1, then the infected variables at the DFE become positive as W

increases from 0, whereas for Ro > 1 they become negative as W increases from 0.

Corollary 6.2. If Ry < 1, there exists W > 0 such that for W € (0,W) an endemic
equilibrium exists. Note that W € (0, q].
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7. THE DISEASE MODEL WITH VACCINATION AND IMMIGRATION

In Chapter 6, we deal with the STY R disease model with immigration (4), which comes
from [10]. We use the same mathematical steps that we used in Chapter 5. However, the
STY R disease model with immigration in Section 3.2 satisfies the assumptions given in (5),

and it satisfies (H1) (H2) (H3) (H4) in Section 3.2. Then the model is as follows:

s
= =PWHA=SF(I) = (a+p)S
dI
—e =AW+ S +Yg() = (y+u+ )]
(39)
dy
- =uW +aS—-Yg(l) = (n+m)Y
% =W +mY + — pR

Since the recovered class doesn’t appear in the first three equations, we can ignore it. Hence-

forth, we reduce the system to:

s
dl

= = aWHSFID) +Yg() = (y+p+ o)l
dY

—r = uWtaS—Yg(l) ~ (u+m)Y

The equilibrium equations with respect to W are as follows:

0 = pW+A=SW)fUIW)) = (a+ p)S(W)
0 = gW+SW)FUIW)) +YW)g(I(W)) = (v + p+ ) L(W).

0 = ulW +aSW) =Y W)g(I(W)) = (n+ 7)Y (W)

We differentiate the equilibrium equations with regards to W, getting

0=p— oo FIW)) ~ SOV AL (g j) 22

0=t o2 f(rW) + SOV 0L S g(1w)) + v (w) 22 4L "
- (7+u+5)§—V]V

0=t ans T g(IW) ~ Y (W) 220 (g ) O
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7.1. Equilibria. The disease-free equilibrium point when W =0, I =0 is:

_ - [ A T
S* L+ a
I = 0
v Ao

B B | (p+a)p 47

(41)

Thus, recalling that f(0) = g(0) =0, at W =0 and I = 0, the second line of Equation (40)

becomes o By o
__SaI(MW"Yéﬂmdw*%7+”+®aw
~ |00 - (5500 + v o)| 5

Let 3, — éﬂ()andﬁy:g%@)rﬂwnEmmﬁm1M@(ﬁnbeumnmgahog%
ar ¢
W~ (i 10) = (5B +Y )

q

A Ao
(Y+u+9)— (/ﬁ—l-Oéﬁl—i_mﬁQ)

Now we find Ry by using the next generation matrix.

(42)

(43)

By changing the order of the variables to (I,Y, S) in order to apply Definition 4.4 described

in Section 4.1. Let
Sf(I)+Yg(I)

F = *
*
and
(y+n1+9)
2= * ;
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where * represents information that we don’t need. Then,

_ | OF dg _ A) (L) }
i |:S§+YE:|DFE {<N+0¢ ht (H+a)p+m &

Vi= v+ pu+o.

and

Then

1 - . N 2

Thus, Equation(43) can be written as

ar q
W~ G ar 1 =Ry) (49

ol
The sign of aw is the same as the sign of 1 — Ry.

Theorem 7.1. If Ry < 1 then at the DFE, I becomes positive as W increases from 0,

whereas for Ro > 1, I becomes negative as W increases from 0.

Corollary 7.2. If Ry < 1, there exists W > 0 such that for W € (0,W) an endemic
equilibrium exists. Note that W € (0, q].
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8. THE DISEASE MODEL WITH STAGE PROGRESSION

We consider the model with staged progression as follows:

dS

E = A — (ﬁlll + 62]2 + ﬁg[g + ...+ Bklk)S — dS +pW

dI

d_tl = (Bily + Bols + P3ls + ... + Bied)S — (1 + ) L + oW
dl.

d—; = mli — (2 + pe)la + W

dI

d_tk Ye—1dk—1 — pd + W

We assume that

® [y, ..., >d >0, and Ay, ..,y >0
e fB1,....0k with 81 + ...+ 8, >0, W >0
® ¢i,..,qx €[0,1),p=1—¢q1,...,qx € [0,1) which implies that ¢; + ... + g > 0

8.1. Equilibria. By using the same mathematical process that we used to prove the exis-
tence of a unique solution of SEI, and STY R, we get a unique solution for the stage progres-
sion mode. For W = 0, there is a DFE that is (S, 0,0,0,...,0) = (%, 0,0,0,...,0). Now we
use the next generation matrix to find Ry. Note that the @; = fi(z) = Fi(z(t)) — Vi(z(t)),
i =1,2,...,n where V; = V; — V;" satisfies the conditions (A4;) to (As) in [19]. We now
change the order of the variables to (I3, l5....,S5) to agree with the method described in
Section 4.1.

(Br1h + Bads + Bsls + ... + Bili)S
0
0

0

| A — (Bl + Boly 4 B3l + ... + Bidy)S — dS
35




Effect of Immigration Reem Almarashi

and )
(v +m)
(V2 + p2) Iy — iy
V= : c R¥HL. (46)
Pl — Yi—1lk—1
- 0 =
Then, ) ) ) )
SoB1 Sof2 -+ Sobk 261 2By oo AB,
0 0 o 0 0 0o --- 0
F = = (47)
0 0 o 0 0 0 .- 0
L . L d kxk
and ) )
Y1+ 0 0 0 - 0 0
—M1 Yo + 2 0 o - 0 0
V= 0 —Y2  v3t+mus O 0 0 (48)
: : V-1 + k-1
0 0 0 o --- —Yk—1 Mk | Lk
and V! is the upper triangular matrix
[ Sr¥ 0 0 0]
<v1+u1zéwz+#2) wiug 0 ~ 0
Y172 Y1 1 0
V_l _ (vi+r1)(vat+r2)(va+u3) (v1+w1)(v2t+r2) v3+13
V17273 V-1 Y273 Vk—1 V3 Vk—1 1
L (vi+e1)(vatp)(va+u3)(vatug)... . (pg) (vot+u2)(v3+p3)(vatpg)--(ng) (v3+ur3)(vatug)....(kg) (1)

Similar to the calculation of R for the SET model in Section 5.1, we find that the only
non-zero entries of (FV 1) are the first row. Thus all but one of the eigenvalues are 0, and

the remaining eigenvalue is given by the (1,1) entry. This eignvalue will be R, , and so
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L= So n SoBam SoB37172
(v + 1) (o p)(ve+p2) (4 pa) (e 4 p2) (s + p3)
5054717273 505W1--~7k—1

() + 1) (s + 1) (s ) T G ) (v i) ()

The equilibrium equations are in matrix form as follows:

0 D A — (1L + Bolo + Bsls + ... + Bily)S — dS
0 Q1 (Brdy + Bady + Bsls + ... + Bile)S — (1 + 1) a
0 =W g |+ | mnh—(nr+u)lh

0 qk Vi—1dp—1 — ey

The next step is to differentiate the equations (55) with respect to W.

W

0S 08 ol Ol
0 = p- W—{aw(ﬂﬂﬁﬁzlﬁﬁsfﬁ +5k1k>+s(ﬁ1 Ry
oS ol ol ol
0 = Q1+{ (Br1y + Poly + B3ls + .. +ﬁkfk)+5(ﬁl—l+52—2+ +5kd i
ol
- (%er)awl/
ol ol
0 = QQ+’718W (’Yz—l-/tz)m;/
o (91k_1 (9]k
0 = qr+ Y- o Mgy

Rearranging and evaluating at the DFE with W = 0, we have
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08 ol oI, ol
p= dw + S (BIW + ﬁQW + ...+ @gw)
. 3[1 812 8]k all
@ = —S0 (ﬁldW + BQdW + .. "‘Bkﬁ) + (m + Ml)a_W
o o1, (50)
G2 = —"n Bl + (2 + ”2)8W
— _8]k_1 + %
k. = —Vk-1 v quaw-
Let ) )
d SoBi So32 SoBs3 e SoBk
0 (m+wm)—>Sbr —Sof2  —Sofbs - —Sobk
A= |0 N (V2 +p2) - 0 0 |- (51)
) ) ) 0
0 0 0 e e

Note that the bottom right k& x k block of A is equal to V — F. Putting Equation (50) in

to matrix form, we have

oW p
on
Alaw | = ||, (52)
% | 9k |
L OW
: : 01, : : :
Our goal is to see the sign of T for j =1,2,3,...k. The inverse of A is
d U
A7l = 0
(V—r)!
0

38



Effect of Immigration Reem Almarashi

where U = —5008,, ..., Be)(V — F)~'. Then,

05 7 _ _ _ _

ow p ) ol
1 0
d

ol

ow || B 2|0 “ (53)
L (V- ) '

: . O

g_lﬂl; | 9k | 9k

Due to the zeros in the first column of A™!, the bottom k rows of (53) can be written as

_ % _
ow
oL
oW = (V - F)ilqiv
oL
L oW
where ) )
p
q1
q; =
R

Here we consider two cases : Rg < 1 and Rg > 1
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Theorem 8.1. If Ry < 1, then the DFE moves to R’;};l as W increases from 0:
- oL, T
ow

ol
oW =V -F)'¢g>0.

o1,
L oW 1y,

Theorem 8.2. If Ry > 1, then the DFE moves away from R’;Sl as W increases from 0:

- oL
ow

or
oW ¢ RES!.

Ol

The proofs of Theorems 8.1 and 8.2 are omitted because these theorems special cases of

Theorems 9.2, in Chapter 8.

Corollary 8.3. If Ry < 1, there exists W > 0 such that for W € (0,W) an endemic
equilibrium exists. Note that W € (0, 00].

40



Effect of Immigration Reem Almarashi

9. GENERAL DISEASE MODEL WITH IMMIGRATION

Consider a disease model with immigration given by the differential equation
&= f(x(t) + Wq (54)

where W is the immigration rate and ¢ = [q1, go, -+ , qx|T gives the fractions of immigrants
that enter the different classes. Moreover, ¢; includes the infected immigration individuals

that are ¢, qo, ..., gn, and g; the uninfected immigration individuals g,,1..., gx.

If one or more of ¢, ¢, , g, is non-zero for W > 0, then there is no DFE and there is
an endemic equilibria for all Ry. To do this, we focus on the signs of the derivatives of the

infected variables (at equilibrium) with respect to W.

An equilibrium Z is now a function at W. We are interested in the curve of equilibria that

gives the DFE when W = 0. That is, 7;(0) = 22(0) = --- = z,,(0) = 0.

Figure [8] shows the location of the equilibrium of the SEI model without immigration
class in the yellow line. However, when the immigration rate W increases above zero in
the SET model, the sign of the derivative of the equilibrium values of the infected variables
E I with respect to W changes as Ry becomes positive when Ry < 1. Otherwise it becomes
negative, as showes in Figure[9]. Thus, the DFE becomes an endemic for Ry less than one
and vanishes for Ry above one as Figure (10) showes.

To generalize this phenomenon, we work with a more general disease model (19). At this

point we add an additional assumption:

(A6) The matrix (V — F) is irreducible.

Condition (A6) is used to prove that the DFE moves to RY;, when Ry < 1, whereas,

when Ry > 1 the DFE moves away from RY,.
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I at equilibrium

EEP

DFE DFE

Ro

FicURE 8. Equilibria for the SET model without immigration.

[ at equilibrium

EEP

@ § f{ foee [ DFE 2
Ly b ¢ ’

ﬁ - Shows the effect of immigration
on the movement of the DFE

FIGURE 9. Movement of the disease-free equilibrium for the SET model with
immigration as W increases from 0.

(A7) The matrix (V — F) is invertible for Ry # 1, so the inverse of (V' — F') exists.
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I at equilibrium

Ro

Va

FiGURrE 10. Equilibria for the SEI model with immigration for W # 0.

Combined with (A1) — (A5), (A7) implies the Jacobian matrix at g_f|W—O|DFE is non-
x
singular for Ry # 1.

In the first part of this thesis, we have shown that the sign of the derivative of the
equilibrium values of the infected variables with respect to W for the SEI model depends
on Ry. Then, we studied the STY R disease model with vaccination including immigration
and the stage progression model, getting the same result.

We now deal with a general disease model by using the properties of the M-matrices and
assumptions (A1) to (A7). We show that the phenomenon continues. To do this, we need

to consider the two cases Ry < 1, and Ry > 1.

The general disease model equation is follows:
&= f(x(t) + Wq

The equilibrium equation is

0= f(@)+Wq (55)
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The next step is, by using the Implicit Function Theorem where the equilibrium equation
at DFE, W = 0, and by assumption (A7) then, for Ry # 1, there exists a curve of equilibria
x(W) such that x(0) gives the DFE.

Thus, we differentiate the equilibrium equation (55) with respect to W.
- af ox
i=|Feom| (5] +o (56

" Ox of :
The 0, ¢ , and o e k x 1 and %(a:(W)) is k x k.

Evaluate Equation (56) at W = 0 and DFE.

0= {%(DFE)} o {g—;f} o +q. (57)

Previously, we have been written the disease model in form that & = f(z) = F;(z) — Vi(x),
for i = 1,2,....k, with Y = [21, 2, ..., x,] infected variables and Z = [x,11, Tp o, ..., 1] un-

infected variables.

Then the Jacobian matrix at the DFE with W = 0 is

F 0 vV 0
J= - , (58)
00| |& Jy

where F' and V are n x n. Substituting the block Jacobian matrix into (57), we have

o
0= + ) (59)
s~ g—é Qo
where
(0n 1 D
ow ow
GY o axQ 8Z o axn+2
ow ~ |aw | PFE) ow | oW (DFE),
O, Ok
LOW  1w=o L oW dw=o
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and L - -
a1 Gn+1
a2 Qn+2
Q = ) QO =
_Qn | i dk i
The first row of (59) gives us
- Y
=(F-V)=— .
(F-V) I +Q
Y
V-—F)— =
VP =Q
)% _
o = (V-F)7Q

Now, we want to determine the signs of the enteries of (V — F)™1Q, to learn how the DFE

moves when W is increased from 0.

We have shown:

Proposition 9.1. o If (V—F)'Q € R, then the DFE move to R’;O as W increases
from 0.
o If(V—-F)'Q¢ RY,, then the DFE move away from RY, as W increases from 0.

Theorem 9.2. If Ry < 1, then the DFE moves to RY, as W increases from 0.

Proof. From Lemma 4.19 we have V is a non-singular M-matrix, and F > 0. Also, by as-

sumption, we assum that g € R’;O, with Q # 0. And (V — F) is irreducible.

Since we know that V' is a non-singular M-matrix, and by using Theorem 4.16, we have
that V! > 0, and it follows that FV~! > 0. By Theorem 4.12 we have that p(F'V™!) is

the dominant eigenvalue of F'V~!. R, has been defined as the spectral radius of the next
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generation matrix (i.e. Ro = p(FV™!)), in Definition 4.11. In our case, we have Ry < 1, so

this requires p(FV™!) < 1.

If Q is an eigenvalue of (FV 1), then —1 < Re(Q2) < 1. Let A = —Q. Then ) is an eigen-
value of —(FV ™). Moreover, for any eigenvalue A of —(FV '), we have —1 < Re()\) < 1.

From linear algebra we knew that if we have a matrix C' with an eigenvalue A, and identity

matrix I, then A = A + 1 is an the eigenvalue of I + C.

Applying this knowledge with C' = —(FV~!), and for any eigenvalue \ of —(FV 1), it
follows that if \ is an eigenvalue of (I — FV 1), then 0 < Re()\) < 2. From 0 < Re()\) < 2,

we know that (I — FV ') is non-singular.

By using Definition 4.13 of an M-matrix, with B = FV"! > 0ands=1> Ry = p(FV 1),
we know that I — FV~! is an M-matrix, which we have already shown is non-singular. By
using Lemma 4.20 part (i), with H =V and K = F we see that (V —F') is also a non-singular
M-matrix.

Since (V' —F) is an irreducible M-matrix, it follows from Theorem 4.18, that (V —F)~! > 0,

that is, each entry of (V — F)~! is strictly positive.

Since @ € R%,, with Q # 0, we can now say that (V — F)~'Q € R% . Thus, the theorem

follows from Proposition 9.1.

Proposition 9.3. If A is an M-matriz, then each eigenvalue of A has non-negative real

part.
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Proof. Suppose A is an M-matrix 4.13, then there exist matrix B with B > 0 and s > p(B)
such that A = s/ — B. The eigenvalue of B are A\, Ay.---, A,. then |)\;| < p(B) for all
j=1,2,--- ,n. Then —p(B) < Re(\;) < p(B). Then

Re(};) < p(B),

since s > p(B)
0<s—p(B) <s+ Re(—\;) <s+p(B).

Note that the eigenvalue of A is 5\]- =s—)\;for j=1,2,--- n. It follows that

Re(\j) = Re(s — \j) = s — Re(\;) > s — p(B) >0

O

Proposition 9.4. Suppose V is a non-singular M-matriz, F > 0, and p(FV~') > 1. Then

V — F is not an M-matriz.

Proof. Theorem 4.16 implies V™! > 0. Thus FV~! > 0. Let r = p(FV~') > 1. Then,
Theorem 4.12 implies r is an eigenvalue of FV~!. Thus, 1 — r < 0 is an eigenvalue of
I — FV~!, and so Proposition 9.3 implies / — FV~! is not an M-matrix. Therefore, by
Lemma 4.20, V — F' is not an M-matrix.

O
Theorem 9.5. If Ro > 1, then the DFE moves away from R%, as W increases from 0.

Proof. By Proposition 9.4, V' — F'is not an M-matrix. However, V — F' is irreducible Z-matrix.
So, Theorem 4.16 implies the following

if © € RY,, then (V — F)u ¢ RZ,,. (60)
Y Y Y
Suppose Oa_W is in the interior of RY, i.e. ('?—W € RZ?,. We have (V — F)S—W =@ € RY,.

In order to not contradict (60), we must have @ lying on the boundary of R%,. Let N C RZ,

oY
be a neighborhood of ETa Then by continuity there exist @; € N C RZ, such that
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Y
(V — F)u; € RZ, but now this contradicts (60). Thus, we can not have — € RZ,,.

>0 8W
oy Y .
Now supposea}@—w is in the boundary of R%,. Since (V' — F)S—W =Q #0,
we know that PTG +£ (0. Without the loss of generality
g1
92
oY "
ow | 9| €
0
L O -

with 1 <p <mn, and g1,92, -+ ,gp > 0.

Rewrite (V — F) as

where A is p X p and D is (n — p) X (n — p). Then by using the Definition 4.14 of a
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Z-matrix, we have B,C < 0, but not equal to zero since (V — F) is irreducible. Also, let

g1
G = _92 € RY,,.
- gp -
oY A B G AG
Q=(V-Fgr= L | =
¢ D 0 Cd

Note that C' < 0, but C # 0, and G > 0, so CG has at least one negative entry. This

ow
Thus, as W increases from 0, the DFE move away from RY,.

oYy oYy
contradicts the fact that @) € R%, thus, we cannot have —— € R%,. Therefore, Fii ¢ RY,.

O

Corollary 9.6. If Ry < 1, there exists W > 0 such that for W € (0,W) an endemic
equilibrium exists. Note that W € (0, 00].
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10. THE DISEASE MODEL WITH AGE-OF-INFECTION

10.1. Introduction. In the ODE disease models, we have seen that all members of a pop-
ulation sub-group (susceptible, exposed, infectious, vaccinated, or recovered) are assumed
to be interchangeable. Adding more structure to simple disease models helps to achieve an
understanding of complex disease systems. An example of this structure is the Stage Progres-
sion disease model that has multiple classes of infection which addresses more complicated
diseases. One of the significant structures is age-of-infection; this characteristic in modeling
of infectious disease is important in a different respect. For many diseases, parameters such
as the level of infectiousness are a function of how long an individual has had the disease,

that is, the individual’s age-of-infection.

Consider the disease transmission model that depending on the age of infection studies
in [15], where the age of the infectiona is a > 0 . In fact, different age of infections allows to
different interpretations of the transmission of the disease. In [15] , the paper analysed the
stability of the age of infection model. It shows that the disease-free equilibrium is globally
asymptotically stable for Rg < 1. Furthermore, when Rg > 1 the model has an endemic

equilibrium, which is locally asymptotically stable.

However, including immigration of infected individuals affects the DFE in disease models,
as we have seen in previous chapters. Adding an age characteristic to an immigration disease
model is a great tool for extending the phenomenon described in Chapter 8. Therefore, the
disease model in this chapter is different from earlier models. Indeed, the age-of-infection

model has a partial differential equation [3], [11].

Addressing age structure in the study of disease models can lead to important information

that helps to develop the public health in general.

In this chapter, we study the age-of-infection disease model, and its equilibria. After that,

we study the impact of immigration on the DFE of the age-of-infection model.
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10.2. The Model of Age-of-Infection. Consider the following SI disease model with

age-of-infection.

% A S / 000 B8(a)S()i(t, a)da
% + % = (i + ()it a) (61)

i(t,0) = / : B(a)S(1)i(t, a)da

In this model S(t) € Rsg, and i(t,.) € C*(Rxo, Rxo) with [~ i(t,a)da < oo for each t.

The state space is

X =Ry X {y € C’l(R>0,R>0)|/ y(t,a)da < oo}
a=0

a € [0,00) shows how long the infected individuals have been infected, and i(t,a) gives
the density of individuals that have been infected for duration a at time ¢. Compared with
an ODE version of the model, we have replaced I by ¢ since I = fooo i(t,a)da gives the total

number of infected individuals at time t.

10.3. Equilibria. The equilibria of Equation (61), are the solutions that do not depend on
t. If X = (S,i(.)) is an equilibrium, then X is a constant solution, with S(t) = S for all
t, and i(t,a) = i(a) for all . In order to determine the DFE and the endemic equilibrium

point (EEP), we solve the following equations:

0= A— S — /:5(@5%(@)61@

%+ d@)ito (62)

i(0) = / ” B(a)Si(a)da
= 5
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Combining the first and the third equations, we get

i(0) = A —puS

(63)

We want to find the value of i(a) in terms of i(0), so we solve the second equation, which

is a homogeneous linear equation, using the intergrating factor:
u(a) = e Jolutdr)dr

We find

i(a) = i(0)e Jolnrdr)dr

Then we substitute i(0) given in (63), to have

ila) = (A—pS)e Jowtdmdr

Filling i(0) and i(a) into the third equation of (62), we get

A-pS=S5 / B(a)(A — uS)efo i gq
a=0

Then, we have two cases:

Case 1: If A — S = 0 ,then § = &. This gives the DFE as (5, i(a)) = <%,O>.
Case 2: If A — uS # 0, then equation (65) becomes 1 =5 [ B(a)e~Jo (wrdm)dr g,
1

Therefore S =

T2 Blaye B 4

a

Let
Ro = é/ Ba)e o ) gq,
K Ja=0

Then, the EEP is (5,7(a)) = (% Me—foa(unLd(T))dT)

1
"Ro’ Ro

92

(64)

(65)

(66)
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10.4. The Disease Model of Age Structure with Immigration. If we add immigration

to Equation (61), we get

S = A s - [ s@swittade
o 2L~ G@W — (u+ d(@)ilt,0)

i(t,0) = TW+/:ﬂ(a)S(t)i(t,a)da,

where W is the total immigration rate, g(a) > 0 is the rate of immigration with infection of
age a with » = ¢(0), and ¢ > 0 is the immigration rate of susceptibles with the assumption

that

q+/ q(a)da = 1.
0

10.5. Equilibria. At an equilibrium X we have

0 = A+gW —puS— /: B(a)Si(a)da (67)
O @)W — (et d(a))i(0) (63)
i(0) = W+ /: B(a)Si(a)da (69)

Solving equation (68), which is a non-homogeneous linear equation, we obtain

i(a) = E(O)e_foﬂ(ﬂ+d(7))dr+%7

a

where u(a) is the integrating factor in (64), and I'(a, W) = [*_ q(7)Wu(r)dr. Combining

(67) and (69), we get

i(0) = A—uS+qW+rW
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Therefore,
z(a) = (A — /JJS +qW + rW)effoa(ﬂ+d(T))dT +

By substituting i¢(a) and i(0) in Equation (69), we get

=0

A—pS+qW+rW = rW+8 / B(a) {<A — S+ qW + rW)e o (wtdtrdr 4 0 =2

As a result,

A —puS+qW +rW =W + S(A — uS + qW +rW) / B(a)e o wHdm)dr g,
a=0

- (10)
+ g/zoﬁ(a)%da

Let

e}

A = / 6(a)e‘foa(“+d(T))dea,

=0

and

B = /:ﬁ(a)r(a(’;)[/)da.

u

Substituting A and B in equation (70), we get a quadratic in S. Then S is a solution of (70)
if and only if it is a zero of f(S), where

f(S)=—(A+ W)+ (A+qW +rW)A+ B+ u)S — nAS?

o4
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_ _ ~ A
To ensure S > 0, and i(0) > 0, we must have 0 < S < +qW+rW‘ Evaluating the
1
A
function f at 0 and + g+ riv gives
]
and
A+ gW +rW AN+ gW +rW
f< qu L ) = —(A+qW)+((A—|—qW+7"W)A+B—I—u)( qu : )
B ((A+qW+rW)2>A
1
AN+ qgW +rW
= —(A+qgW)+(B+upu) ALl
A W
_ B +gW +r W
1
> 0
AN+ qgW +rW

such

By the Intermediate Value Theorem, there exists S with 0 < S <
_ _ H
that f(S) = 0. Since f is quadratic in S, f has a unique zero in that interval. Thus, the

system has a unique equilibrium when W > 0, with
i(0) = A — uS + qW +rW,

and

[(a, W)

i(a) = (A—pS+qW +rW)e Jorrdoir 4
u(a)

> 0.
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10.6. The Impact of Immigration in the Disease Model of Age Structure. If we
differentiate the Equations (67, 68, 69) with respect to W at the DFE (S,i(a)) = (%,o),
with W = 0 we get,

_ 0S5 A di(a,0)
0 = ¢ T ;a06(>0wda
9%i(a,0) di(a,0)
2i(0,0) A [ di(a,0)
o " + . /azoﬁ(a) S da.
Rearranged, we have
82 (a, 0
0 = ngg+y | Al ()
_ Ji(a,0) 82( a,0)
01(0,0) A [ di(a,0
ro o= 8(W ) _ ;/Oﬁ(a) 8(W )d& (73)
di(a,0) 01(0,0)
Solve (72), by letting Y (a) = o lw=o, then Y (0) = o |pre. Then equation (72)

becomes a non-homogeneous equation for Y with the solution

Y (a)= Y (0)e i (0T o [ o= Getdni g (5) o,

~i(0,0)

Sl ¢ U 8 iy ()

_ 0i(a,0)  81(0,0)
W oW

e~ Jo wkdmdr o 7 (). (74)
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0
Therefore, from (74) we can substitute ) into equations (71) and (73) to get the

following

q:

s A 01(0,0)
TG + ;fa:o B(a) oW

effoa(““i’d(T))dT _|_ Z(a)) da

(75)

ow 1

9i(0,0) A _ 83(0,0)
" a=0 P\Y | Ty

effoa(:u“f'd(T))dT _|_ Z(a)) da
Using Ry that given in (66) to simplify (75), we get

oS 91(0,0)
= kg T R g

A Z(a)d
[ B0 Z(ada

- 9i(0,0) 9i(0,0) A

r=

ow Y aw _Mfaoioﬂ(a)z(a))da

Let

A roo
7" =— B(a)Z(a)da
K Ja=0

Then the equation (76) becomes

. oS 9i(0,0)
e A T
(77)
9i(0,0) 9i(0,0)

Zr— _ .
T a0 g

The second line of (77) gives

9i(0,0) r+Z*

ow 1 —-"Ro
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Here we have two cases.

Theorem 10.1. If Ry < 1, then the DFE mowves to the interior of X as W increases from
0.

Theorem 10.2. If Ry > 1, then the DFE moves away from X as W increases from 0.

Corollary 10.3. If Ry < 1, there exists W > 0 such that for W € (0,W) an endemic
equilibrium exists. Note that W € (0, 00].

o8
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11. CONCLUSION

11.1. Mathematical Discussion. We have studied the stability of the SET disease model.
In fact, there exists a unique solution for the SEI model without immigration. We proved
the dynamic stability of the disease models by using the basic reproduction number Rg. In
the case of an absence of the infected individual in the disease model, we found that the
disease free-equilibrium is locally asymptotically stable when Ry < 1 whereas, at Ry > 1
the DFE becomes unstable. However, when the infected individuals are introduced to the
disease model I > 0, we have found that there are two equilibria to the SEI model. For

Ry > 1, an endemic equilibrium exists and is locally asymptotically stable.

In the general disease model with immigration, we studied the model to determine the
existence of endemic equilibrium by studying the behaviour of the disease-free equilibrium
when the immigration individuals enter the model. Therefore, we have studied the sign of
the derivative of the infected variables at disease-free equilibria with respect to immigration
W), as a function of the basic reproduction number Ry. We found that for Ry < 1, the sign
becomes positive which means the disease equilibrium moves to the interior of the positive
cone as immigration increases from zero, so the DFE approach to endemic equilibrium is
W > 0. In fact, the DFE does not exist for the general class of disease transmission models
as W > 0. However, when Ry > 1, we have a negative sign at DFE which means the DFE

equilibrium vanishes.

Movement of the DFE towards an endemic equilibrium is a phenomenon that comes into
existence of an endemic point for general disease transmission. Indeed, the forward bifurca-
tion of the DFE in Figure (10) illustrates this phenomenon of the existence of an endemic
equilibrium that the DFE approaches. This also applies to backward bifurcation. Since
this phenomenon occurs in general disease models involving ordinary differential equations,
we are studying the age of infection model that has partial differential equations. We have
achieved some results, thus, the phenomenon occurs in the age of infection disease model

with immigration.
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11.2. Biological Discussion. Biologically, the population that has been exposed to in-
fectious disease then spreads this disease among the population due to contact with the
susceptible individuals. When the population is free from the infected individuals, the intro-
duction of a single infected in the population with an average that one single infected can
infect fewer individuals which means the disease can not invade the population. Thus, the
population becomes stable at this level because the disease dies out. In contrast, if there
is a higher chance for the susceptible to be infected by single infected individuals which
means single infected individual can able to be infected many susceptible individuals, then
the disease has transmitted through the population. The immigration occurs when one or
more individuals enter the population from the outside. Since some of them may be infected

with infectious disease, this situation puts the health of the community at risk.

If there is an infected immigration entering the population through any sources such as
airports or from different destinations, then the disease is transmitted among individuals and
then the number of infected increases. In this case, the disease-free state becomes endemic
as the infected immigration increases. Then, the disease-free state vanishes. Therefore, the
population in a state that is free of disease becomes a population that has an endemic or an
epidemic disease. Indeed, changing the situation of the population occurs even if there is a
different age or level of infection. This situation flares up in a lot of countries around the
word. Thus, controlling disease becomes an important issue that needs to be considered by

health organizations in order to maintain the health of a society.
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