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Abstract

In this thesis we discuss the various approaches that will be taken to evaluate and

find a finite closed form for the sum

1
Z (n®+ Bn? + Cn + D)*

nez

where B, C, D € C and k is a positive integer. We begin this thesis by studying the cu-
bic equations and discussing briefly various methods of finding their roots. Cardano’s
method (1545) for finding the roots of cubic polynomials is explored in detail as this
method is used in later parts of the thesis to make calculations while evaluating the

sums. Various tools and techniques from Fourier analysis are reviewed for these aid in

computing the sums. To obtain finite closed forms for the sums T Bn2—11— CniD)F

we make use of different methods and approaches from combinatorics and identities

involving well-known trigonometric functions.
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Chapter 1

Introduction

. . . 1
This thesis is an attempt to evaluate the closed forms for the sums }_ ; —prep

and ), T BanrCn T The thesis is divided into four chapters that are further
divided into sub-sections. Chapter 1 of the thesis outlines the subject and background

required for the research. Chapter 2 discusses the tools and techniques of Fourier anal-

1

ysis that shall be used to compute the closed forms for the sums )/ —prep

and >, (n3+Bn2}rCn+D)k in the later parts of the chapter. In Chapter 3, we evalu-
ate the sums by using different approaches, namely, by connecting the sums to the
cotangent function. Chapter 4 summarizes and binds together the results derived in
the earlier chapters and future directions for these results. We start this chapter by

discussing the background required for the subject of research.

1.1 Motivation: The Riemann zeta function

An important function in mathematics is the Riemann zeta function, ((s). The

Riemann zeta function, also known as the Euler-Riemann zeta function, is defined by



the following absolutely convergent series,

where s € C with Re(s) > 1.

This function was first introduced by Euler in the early eighteenth century. In
1859, its interpretation was extended to complex variables by Bernard Riemann in [4].
Euler computed the values of ((s) for positive even integers [21]. The most commonly
discussed value of ((s) for positive even integers is that of ((2) which appears in a
number of research papers and publications (for example, [2], [6], [22]). Euler proved

that

ZOO 1 2
2 = _— = —
C( ) — n2 6
and more generally that
=1 _ Bop(2m)?*
2k) = E — = (=)=

where By denotes the k™ Bernoulli number. With Lindemann’s work [10] in 1882
showing that 7 is transcendental, it was effectively proved that the values of ((2n),
where n € N, were transcendental too. The examination of ((2n + 1) is somewhat
difficult to examine and is still unsolved. Though Apéry [1], in 1979, proved that
¢(3) is irrational, the irrationality of ((2n + 1) for n > 1 is still unknown. Due to
this contribution by Apéry, ((3) is known as Apéry’s constant. Ball and Rivoal [3]
proved that ((2n + 1) is irrational for infinitely many positive integers. Rivoal [14]
also showed that at least one of ((5), ((7), €(9), ..., ((21) is irrational. In 2001,
Zudilin [25] who improved the results of Rivoal and Ball by showing that at least one
of ¢(5), ¢(7), €(9), or ((11) is irrational.

The Riemann zeta function is closely related to the prime number theorem. Fuler



discovered an important formula involving a product over primes, given by,

[Ta-p=)t =)

P
and hence, the name Euler product was given to this formula. Whilst a number of
properties of ((s) have been studied and explored, there are significant fundamental
postulations that are still unproved. One such conjecture is the Riemann Hypothesis.
The function ((s) has two different types of zeroes. The “trivial” zeroes occur at all
negative even integers s = —2, —4, —6, ... and the “non-trivial” zeroes occur at certain
complex numbers s = ¢ + it. The Riemann Hypothesis states that the real part of

these non-trivial zeroes all lie on a line called the “critical line” where Re(s) = o = L.

2

To this day, 250 x 10 non-trivial roots of ((s) have been found and all are on the
critical line [23].

With such important conjectures still remaining unproved, it becomes crucial to

explore and analyze mathematical expressions involving or related to {(s) in one way

or another. In the note [13], Murty and Weatherby have elegantly worked out closed

forms for the related sum

1
Zn2+Bn+C

nel

and more generally for

1
Z (n? 4+ Bn+ C)* (1.1)

neZ
where B,C € C and k is a positive integer, by using concepts of Fourier analysis and
combinatorics. In [13], the authors use Fourier analysis to show that for B,C € C

with —D = B? — 4C such that n? + Bn + C # 0 for any integer n, we have

Z 1 . 21 627“/5 —1
n?+Bn+C /D \ e2VD —2cos(Br)em™VP +1

neZ



and also that >

1 .
nez m 1S equal to

om(—A1 [ 1 1 1 (k=D
(k; — 1)' \/5 eB7T7;+7T\/5 -1 €B7ri—7r\/5 -1

The authors of [13] also described how methods of combinatorics can be used to

find a closed form for (1.1). In [13], it is proved that

Theorem 1.1 ([13], Theorem 3) For B,C € C with —D = B? — 4C' such that n* +

1

Bn+C # 0 for any integer n, and k a positive integer, we have that ), (e ed

18 equal to

2mvD § <2k 92— 2r) Z(zw)RD’ﬁcgl Sy

DF k—1—r byl b,
r=0 b1 ..... br
Ig((s— DIS(R+1,s)  (=1)f(s — DIS(R + 1,3))
— (eBﬂ*i+7r\/5 _ 1)3 (eBmem@ _ 1)3

where the summation in b;’s 1s over all nonnegative solutions to by +2bsy+---+1rb, =1
and where R = by+- - -+b,, Cy, is the m™ Catalan number and S(R+1, s) is a Stirling
number of the second kind. The sum lies in TQ(\/D, e™D, eB™) 1] with 7 being the

largest power of m present.

Inspired by the necessity to consider and study mathematical expressions related

to ((s) in some way or another, we attempt to evaluate the convergent series

1
1.2
%n?’%—Bn?—l—quLD (12)
and more generally
1
- 1.3
%(n3+3n2+0n+D)k (1.3)

for parameters B, C, D € C and positive integer k.



Since we are looking at series that involve cubic polynomials, it is important that

we discuss cubic functions and methods for finding their roots.

1.2 Cubic equations and Cardano’s method

A function of the form,

f(z) = az® +b2* + cx +d (1.4)

with @ # 0, is known as the cubic function. With f(x) = 0, it produces a cubic
equation

az® 4+ bx® + cx +d = 0. (1.5)

The solutions of (1.5) are the roots of (1.4).

If the coefficients a,b, ¢ and d are all real, (1.5) will have at least one real root
and if the coefficients of (1.5) are complex and not all real, there will be at least
one complex root. The roots of (1.5) can be found either algebraically by finding
the discriminant of (1.5) or trigonometrically by dividing (1.5) by a and substituting

t— 3—ba for x and reducing it to a depressed cubic of the form,
t3+pt +q=0. (1.6)

The roots of (1.5) can also be found by factorization if one root, r is known.

Equation (1.4) can be factored as
az® + br* +cx +d = (v —r)(az® + (b+ ar)x + ¢+ br + ar?). (1.7)

Hence, if we know at least one root r of (1.5) (by the guess and check method or
rational root test, etc.) we can find the other roots by finding roots of the quadratic
factor on the right hand side of (1.7).

Other than the methods discussed above, the solutions to the cubic equation (1.5)



can also be derived using a number of different methods such as Cardano’s method [5],
Vieta’s substitution [17] or Lagrange’s method [9]. For working out the calculations
required for this thesis, we have made use of Cardano’s method to derive roots of a
cubic equation. Cardano’s derivation of the roots is as follows. We have a given cubic
equation

ar® +bx’ +cxr+d=0

with a # 0.
The previous equation is divided by a on both the sides to get

24+ Bx?+Cx+D=0

where B = %, C=¢D= g. Substituting values of z as © =y — % and simplifying

the previous equation becomes

1 2 1
y' 4 (C — 532) Y+ (2—733 —3BCO+ D> =0. (1.8)

Substituting values of p = (C'— 1B?) and ¢ = (£B* — $BC + D) in (1.8), we obtain

a depressed cubic of the form

Y’ +py+q=0 (1.9)

We know that the discriminants of a cubic equation a’z$ + V'z? + dz; +d' = 0 are

given by

Ay = b —3dd

A, = 267 — 94V + 2742 d
-1
A = W(A% — 4A})



This implies for (1.8), we have

AO = —3p
Al = 27q
~1
A = —(27¢° — 4(—3p)®
57 (274" — 4(=3p)")
= —(27¢° + 4p*) (1.10)

We shall make use of (1.10) in later sections to compute the sums (1.2) and (1.3).
Making the substitution y = z — £ and simplifying (1.9) we obtain a quadratic

equation in 2% of the form ,
6 3 P
——==0.
Z+qz 57

Solutions to this quadratic equation are given by,

3

4
zr)__qi ¢+ 57
2

e (0 ()
4. /(4 N
S ) T3

If we let M be the solution to z* with (+) and N be the solution to z* with (—),

O (O RIOREES ST R

and let w = €75, a cubic root of unity, we obtain six solutions for z:

or say by:

2z =M, 29 = VMuw,
23 = VMuw?, z4:\3/N,
25:\3/Nw, 26:Ww2



Taking a closer look at M and N, we find that v/ M+/N is equal to
2

Simplifying this, we get

MVN = %p. (1.12)

Recall that y = z — 2. Putting z; into this equation, we obtain

Sy —
! 3v/M

The previous equation can be further modified by making the identity (1.12) to obtain
Yy = VM + V/N.

Similarly, putting zs, z3, . . ., 2z into the equation for y and making modifications using

(1.12), we find three distinct values for y

Yy = VMw + VN2, Yo = VMw? + vV Nuw, Y3 = VN + VM

B

Recall our substitution z =y — 2, or y = x + %. By back substitution of v, ys, ys,

we find that the three roots of the original cubic equation 2® 4+ Bx? + Cx + D = 0 are

B
r; = VM+ VN - 3

B
Ty = VMw+ VN — =, (1.13)

3
B
r3 = VMw?+ VNw-— 3



or more generally

b
xrT = \/SM—F\B/N—?)—G,

VMw + VNw? — 33 (1.14)
a

b
vV Mw? + vV Nw— —

3

a

X2

€3

nd g = (389~ 1BC+D) = £(2)" — 45 + £
It is clearly evident from (1.13) and (1.14), that if coefficients of the cubic equation
23 4+ Ba? + Oz + D = 0 or more generally, the coefficients of the cubic equation
ax® + bx? + cx +d = 0 are real, there will be at least one real root to the cubic
equation given by x; from (1.13) since M and N are real in that case.
In the following sections, we will make use of the roots found using Cardano’s

method in order to analyze the sums (1.2) and (1.3).



Chapter 2

Evaluating the sum using Fourier

Analysis

In this chapter, we shall evaluate the closed forms for the sums of the form

R m and ) _, o Bn?i i D using methods of Fourier analysis. We
first discuss briefly the tools and techniques of Fourier analysis that shall be used to

examine the sums.

2.1 Fourier Analysis

It is assumed that the reader has preliminary background knowledge of Fourier trans-
forms and series. The reader is referred to [15] for an introduction to the subject.
Some of the fundamental facts of Fourier analysis are reviewed herein.

For a function f(x) € L'[0, 1], the set of 1-periodic, Lebesgue integrable functions
with

/0 (@) dz < oo,

10



the mth Fourier coefficient is defined by

fm = /01 f(z)e 2™ medy,

Given this definition, the Fourier series associated with f(z) is given by

Z f e?ﬂ'im:c
m .

meZ

Note that if the function f is differentiable, then the Fourier series associated with
the function converges to the function f. It is also known that the Fourier series of f

at x converges to
flzy) + flzo)
2

if the function f is piecewise smooth. A function as such is said to satisfy Dirichlet’s
conditions [16]. Such a function f is said to be piecewise smooth if it can be broken
into distinct pieces for which both the function f and its derivative f’ are continuous
functions and where the only admissible discontinuities are jump discontinuities. It
should be noted that it is not easy to precisely deduce the convergence of the Fourier
series for a given function f to the function f. For convergence purposes, here we
only study piecewise smooth functions f € L'(R) which form the set of Lebesgue

integrable functions satisfying

| 1@ldr < o

[e.e]

The Fourier transform for such functions is defined as
f = [ rwe .

If for f € L*(R), we have fe L'(R), we can relate f to the Fourier transform of f

giving the following inversion formula.

11



Lemma 2.1 (Inversion Formula) For f, fe LY(R), we have

— / f<u>e2ﬂ'ixudu’

~
~

implying f(z) = f(—x).

The proof of inversion formula is not obvious and the reader is referred to [15] for
a detailed derivation of it.

Related to Fourier transforms is the notion of convolution of two functions. If
f,g € L'(R), then f * g € L*(R) is defined by

= /_Oo fW)g(x —y)dy,

and is called the convolution of the functions f and g. The Fourier transform trans-

lates between convolution and multiplication of functions.

Theorem 2.2 (Convolution Theorem) If f,g € L'(R') with Fourier transforms f,§
respectively, then the Fourier transform of convolution of the two functions is given

by the product of their Fourier transforms. That is, given

h(z) = (f * g)(x / fW)g(z —y)dy,

we have

~

h(u) = Flu)g(u).

Proof: The proof of this theorem is followed from [20]. By the definition of Fourier

12



transforms,

=
S

SN~—
I

/ h<z)€—27rizudz

_ / i ( / Z Flx)g(z — x)dx) ¢
_ /_ Z f() ( /_ Z oz — a:)e_zﬂz“dz) du

We substitute y = z — x; then, dy = dz. Thus,

i = [~ @ ([ owermoray) o

= /_ Z fla)e2men ( /_ Zg(y)emy“dy> dx

oo

— f(x)ef%ria:udx / g(y)ef%riyudy

— 00 —00

= Jw)g(u).

O

We now state and prove a version of Poisson’s summation formula using the tools
that we have discussed so far. The version presented here is fairly simple, particularly
useful for our purposes, and has a concise and elementary proof. There are stronger
versions of the formula and we refer the reader to [7] for the stronger versions where

the assumptions made on the function f are minimal. The proof here follows [12].

Theorem 2.3 (Poisson Summation) If f € L'(R) is continuous and piecewise smooth

where the sum

Zf(m—l—v)

meZ

converges absolutely and uniformly in v, and if

Y Ifm)l < oo

meZ

13



then

S fm+o) =3 Flm)emine.

meEZ MEZ

Proof: We let F(v) = Z f(m—+wv). F is a continuous and piecewise smooth periodic

meEZ
function in v with period 1, by the assumption of absolute and uniform convergence.

Thus, F' can be viewed as a function on [0,1] and the Fourier coefficients can be

calculated directly.
1 .
F, = /F(v)e_Qmm”dU
0

- Z/l f(n+ v)e*%imvdv.
0

neL

Replacing x = n + v we obtain

n+1
F, = Z/ f(z)e 2™medy
nezZ v "

~

_ [Zﬂ@e%mwxzﬂmy

Since Z | f(m)| < oo, the Fourier series for F converges and we have that
meZ

Z f(m+v) =F(v) = Z F,,e*mm = Z Flm)e*ime.
mEZ meZ mezZ
O
The tools and techniques of Fourier analysis discussed here shall be helpful in

finding explicit closed forms for the sums and

1
n€Z n3+Bn2+Cn+D

1
Z”GZ (n3+Bn2+Cn+D)* "

14



2.2 Computing a closed form for

1
Zn3—i—Bn2—|—C'n—|-D

nez

We begin this section with some well known lemmas that shall prove to be useful in

computing the sum.

Lemma 2.4 If« is a complex number with Im(«) > 0 and we let f(z) = 2mie*™ " H(x)

where H(x) is the Heaviside function given by,

0, <0
H(x):{l >0

then,
flwy = —

Proof: For f(x) = 2mie*™* H(x), we have,

uU—a

f(u) = / 27m'e2”m””H(a:)e’2m”d:c

t

= lim 2mie
t—o0 0

2ma:p6—27muzdx

t

= 27 lim e2rila—u)z g
t—o0 0

t
= 27 lim e
t—o0 0
t

= 2w lim e
t—o0 0

27ri(Re(o¢)+iIm(a)—u)xdl,

2mi(Re(a) —u)me—QWIm(a)m dr.

Since Im(«) > 0, we have convergence and

t

f(u) = 2milim [ e*rile—wegy
t—o0 0

1

uU—a

15



O
The following lemma will also be a useful tool for evaluating the closed forms of

the sums (1.2) and (1.3).

Lemma 2.5 Let p and § be two complex numbers such that 0 < ’Im(ﬁ ‘ < Re(p). Let
h(z) = Ze e 2mplele=2miZe gnd o = %+ i then,

~ 1
h(u) = ———.
(v) u? + fu+y

. _ _onil
Proof: For given h(z) = Ze 2mplele =277 we have,

0o
T o B o
h(u) — / Ze 27rp|a:|€ 27r12x6 27rzuacdl,
o P

07 B , S B -
— lim _627rpx6—27rz§x6—27mua:dl, + lim _6—27rpx6—27r15x6—27mua:dl,
t—o0 ¢t P 5§—r00 o P

t

0
_ z(hm / 2 (o-i(w+))e g 4 1im e—2w<p+i<u+§>>rdx).

pP \t—=> J_,; s—o0 J
0 ) P s ) P
Let I; = lim 62“(”_’(1‘*5))%1’ and Ir, = lim e‘Qﬂ(p“(“*E))xdcﬁ. For I, to con-
t—00 ¢ s—oo [

verge, we need Re (27r (,0 —1 (u + g))) > (0. Since u is real, we only need to verify
Re (p — zg) > (0. We have

o (35

Im(B)

22
For Iy, we need Re (277 (p +1 ( g))) > ( for convergence. We only need to check

Re (p + zg) > (0. We have

which is clearly positive because 0 < < Re(p

e (et +itm(p) + 1 (242 1 7)) = g - 0,

16



which is positive again by 0 < ‘IWT@) < Re(p).
Since I; and I, both converge, we have that

S

h(u) = z(nm / " r(o-i(e+ ) g 4 Tim 6_2”(”“(“5))%93)

P \t—=> J_; 500 Jq

m 1 1
" 2mp ((p—i(u+§)) i (p+i(U+§))>

_ 2p
= o\l 5 T a2
22 \p? + (u+5)
1
Pt (u+5)
1
p2+u2—|—ﬁu—|—%2
1
u? + fu+7’

Wherefy:p2+%2. O
We now compute a function g whose Fourier transform is of the form m.

This shall be helpful in computing the sum later.

Theorem 2.6 Suppose u® + Bu? + Cu+ D with B,C, D € C can be factored as

u? + Bu? + Cu+ D = (u—a)(u®+ Bu+7) = (u—a)(u—p)(u—7v)

B2 B

where o, B,7, p, i, v € C, a, i and v are distinct and v = p* + T =—5 —ip, v =

ﬁ .
—5 +ip such that

1. Im(a) >0

2.0< ‘f"g(m’ < Re(p).

17



Then for

T 2miax 2mive 627rio¢z
o P ( pn—ao v—a v—a >0
g('r) - - —2mipw
z ,x <0
p\ pa
we have
1

T B+ B2+ Cut D
Proof: Under the given assumptions, Lemma 2.4, implies that for f(x) = 2wie*™** H(x),
flu) = —L and Lemma 2.5 implies that for h(z) = %6*2”‘“6_2“%, then,

N 1
hu) = ————.
(u) u? 4+ fu+

Clearly, g(u) = f(u)h(u), so by Theorem 2.2, we only need to compute g(z) =
(f * h)(z). By Fourier convolution,

g() = (frh)e / F(y)h(z — y)dy

_ / 27TZ627TzayH< )71;-6 2mp|lz— y| 27rz§ (w—y)dy

t

2724 ; 8
62mo¢y6—27rp|z—y\e—2m 5 (z—y) dy

= —— lim
p t—o0 0

We have two cases depending on .

Case I: When z > 0 we have g(z) equal to
t
271' i <f$ e2miay o— 2mp(x— y)efZﬂ—'LB z—y) dy + lim eZm'aye27rp(yx)€27ri§(xy)dy)

t—o00
t

_ QWT% (fox 6(27rp+2m'§+27m'a)ye( 2mp—2Tis )wdy+ hm ( 27rp+27m'§+27ria)ye(2ﬂ'p 2mig )xdy)

t
9. = 8 . . . _ o B o .
— 27; i <f0 €<27rp+27r7,2+2mo¢)ye2myxdy + lim e (27rp 2mig 27rzoz)y627m,umdy) )

t—o0 x

8

The above converges when Re(2mp — 2mi5 — 2mia) > 0, or equivalently,

Re(Re(p) + ilm(p) — i (Re (g) +ilm (g)) — i(Re(a) + iIm(a)) > 0,

18



& Re(Re(p) + ilm(p) — iRe (g) +Im (g) — Re()i + Im(a)) > 0,

& Re(p) + Im (g) + Im(a) > 0,

which is true. Therefore,

g(x) = 27%@(

T t
B . . . _ o0 B o .
/ 6(2”P+27ﬂ 5 +27Tza)ye27m/xdy + lim e (27rp 2mig Zﬂza)ye%rszdy)

0 t—o00 z

212

627riam 6271'1'1/1 eQm'ax
- B . B — + .3 .
P 2mp + 2mi5 + 2w 2mp + 2mig + 2mia 2mp — 2w — 2mia

71'i e%riar 627ri1/3: 627riax
= B T B — + B .
pPA\pt+igt+ria  ptig+i p—i5 =

T (6271'1ax N 627”1/:13 e2maaz)

p\p—Ca V—a V-«

Case II: When = <0,

2 2 t
g(z) = 0 lim
P t—o0 0

2% t
= —— lim e
p t—o0 0

; _ _ —omiB(p—
627rwcy6 2mp(y x)e 2mig (x y)dy
.3 . .3
(727rp+27m§+27rw¢)y6<27rp727m§)xdy

2m%i N R ,
_ lim e (27rp 2mig 27rzo¢)y627rz,uxdy.
P t—00 0

The above converges when Re (27rp — 2m’§ — 27rm) > 0, which holds by the similar

argument as for the case x > 0. Therefore,

2m% [T (2mp9mif i ;
g(l’) — lim e (27rp 2mig 27rza)y627rzuxdy
P t—00 0

_ 27.(.22' ( 627ri,um )
- B .
p 2mp — 2mig — 2mic

71.(627riu:c)
oo \p—a)

19




Thus,

2miax 2mive 2miax
o % (e,u—a eu—a - ey—a ) T > 0
g('r) - x [ e2minz
L ,x <0.
p\ B«

m
Now, that we have Lemmas 2.4 and 2.5 and Theorem 2.6, we shall now use these

along with Poisson summation to evaluate the sum Y_, ) ———l s,

Theorem 2.7 Let u® + Bu? + Cu + D be as in Theorem 2.6, and using the same
notation as there along with o, u,v ¢ 7, we have:

1 _ 27i ( v—pu a—v u—« )
1)

%n3+3n2+0n+D (=) —a)(a—v) \e2mia 1 | e2min 1 | e2miv

Proof: We observe that Y, ) ——p———p is exactly Z g(n) where g(n) is defined in
nez

Theorem 2.6. By Poisson summation with v = 0, we know that Zg(n) = Zg(n)

neL nez
Therefore, from Theorem 2.6, we have

Zn3+Bn21+Cn+D - Zg(n) - 29(”)+29(”)

n>1 n<0

We compute the two terms in the sum separately. For the first term

2mian 2mivn 2mian
Zg(n):Z(z <€ —a+j—a _i—a)>

n>1 n>1 P K
; 1 , 1 ,
_ | _1 2mian 2mivn 2mian
< (e e s )
n>1 n>1 n>1
_ % ﬁ 14 Z g2mian ( 1+ Z eZTru/n) _ ﬁ (_1 + Z eQﬂ'ian))
n>0 n>0 n>0
_ % ﬁ 1+ Z e27riom ( 1+ Z 627rwn +1— Z 627r7,an>)
n>0 n>0 n>0
_ | _1 [ _ 2mian 27rzun _ 2mian
=5 | == 1+ Z e ( e )) :
n=>0 n>0 n>0
For these to converge, we need Re(—2mia) > 0 and Re(—2miv) > 0. They are
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equivalent to
Im(a) > 0 and Re(iRe (g) —Im (g) + Re(p) +iIm(p)) = Re(p) — Im(

which are true. Therefore,

o35 s 5

n>1 n>0 n>0 n>0

[N]jss

) >0,

and we evaluate each convergent geometric series to obtain,

n)=— — - — — - .
— g P b — « 1— 627rzo¢ UV —« 1 — 627”” 1— 627rw¢

For the second term in the sum,

o) = ot =3 (2 (#))

—
n<0 n>0 n>0 P p

il (Ee)

For this to converge, we need Re(2mip) > 0. This is equivalent to

Re(—iRe (§> + Im (g) + Re(p) +ilm(p)) = Re(p) + Im (g) >0,

which is true. Therefore,

21



and we evaluate the geometric series to obtain,

> gln) =

n<0

IR DI I I DI

Thus, is equal to

1
n€Z n3+Bn24+Cn+D

™ 1 1 1 1 1 1 ™ 1 1 1
; [T - +1_€27ria +I/—Oc 1_827T7lu_1_627ria +; °w—a _1_627772“

which simplifies to

s 1 1 1 . 1 1 1
P\t —« 1 — e2mic 1 — e2min v—aoa \ 1 — e2miv 1 — e2mia '

We have that u = —é —ipand v = —g +1p. This implies u —v = —2ip, and thus
1

n3—|—Bn2+C’n+D

—2mi 1 1 1 . 1 1 1
(/JJ _ V) Ih—« 1 — e2mic 1 — e2mip UV —o 1 — e2miv 1 — e2mia

—2mi V— V— h—« w—«
(M _ V)(,LL _ Oé)(V _ Oé) 1 — e2mia 1 — e2mip 1 — e2miv 1 — e2mic
- —27 v— [ V— n =«

- (p—v)(p—a)(v—a) \1 —e2ria ] —e2min ] — 2miv

is equal to

p:

B 2m vV — n a—v n b —
- (V-[L)(M—Oé)(a—y) e2mia _ ] e2mip _ 1 e2miv _ '

22



m
It should be noted that the roots of the cubic u + Bu? + Cu + D in 2.7, namely,

a, i1, and v cannot be integers or else, the sum (1.2) will have division by 0. We shall

1
n€Z (n3+Bn2+Cn+D)*"

now attempt to compute the sum >

2.3 Computing a closed form for

1
Z (n3+Bn2+C’n+D)k.

nez

1
n€Z (p34+Bn2+Cn+D)

closed form using the results derived in the earlier sections. In computing the closed

In this section, we investigate the sum » + and attempt to find its

form for the sum, we will make use of discriminant of the cubic equation, so we begin
the discussion by analyzing an important property of discriminants of cubic equations.
If o, 1 and v are roots of the cubic equation ax® + bx? + cx + d = 0, then its

discriminant A is given by
A= (@ —p)(a = v)(u—v))"
Suppose 22 + Bax? + Cx + D can be factored as
1® + Bx* + Cx + D = (v — a)(2® + B +7)
where o € C is a root. Then, writing v = p? + %, we have the other two roots being
,u:—g—z’p, V= —g-I—ip.

Recalling from Cardano’s formula for finding roots of a cubic equation, we have

23



that 22 + Bx? + Cx + D = 0 has roots

B

T, = \3/M+\3/N—§,
. B
Ty = \3/Mw+v3Nw2—§,
B
3 = VMw?+VNw— =

3
where M = =% + 4/ % %

(2B* - 1BC + D).

Supposing «, i, v ¢ Z and are distinct, let us consider a case where o = x3. Then,

Mle
wl“@

1 2) and ¢ =

Ty =1 (p + z§> = U, (2.1)

Ty = —i (p - z§> = (2.2)

Clearly, one can observe that x;,zs and x3 are functions of ¢q. Also, from Cardano’s

formula for finding roots of the cubic, we have

2
= _—_B%— —BC D
1= 577 T3P
which implies
D—at BC 2B3
—IT TS T Ty

Considering a case where x = n in the above discussion, the closed form in Theo-
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rem 2.7 has that >

1 .
neZ T BT OnTD 18 equal to

1
;W“BHHCHM%C—%)

B 21 vV — n a—v n W —
o (v—p)(p—a)(a —v) \eria —1 = e2min — 1 = e2miv _ ]

211 vV — a—v W —
\/Z e2mia _ e2min _ 1 e2miv _ 1 )"

From (1.10), we have that A = —(27¢ + 4p?), therefore, the previous equation can
be further modified as

1
;(n3+3n2+0n+q+%c—%)

B 2mi vV — n oa—v n b —
o —(27 2 4 3 627rio¢ -1 627riu -1 627”'1/ -1
(27¢* + 4p?)
27 vV— oa—v W=
= - : - . 2.3
(27(]2 + 4])3) (627rza -1 + 627rw -1 + 627rw _ 1) ( )

Clearly, the closed form of the sum in (2.3) can be written as a composition of

1
nE€Z (n3+Bn2+Cn+D)*’

differentiate (2.3) with respect to ¢,k — 1 times. Equation (2.3) can be written as

different functions of ¢ and to obtain a closed form for )

we can

composition of functions of ¢ as

> T enTD 2 1 -
e ni+Bn?+Cn+ D £ (n3+Bn2+C’n—|—q+%—%)

2 [(f1(fo(f3)))((fs — f5)(fa(f2)) + (fr = fo) (fa(f5)) + (fs = fo)(fa(f6)))]  (2.4)

where fi(q) =1, fo(q) = /@ fa3(q) =27¢° +4p%, fu(@) = =iy

fsle) =p=u1, folg) =v=uas [fi(q)=a=us

To differentiate (2.3) with respect to ¢, we need to differentiate this composition of
functions. For this, we will need to make use of some lemmas involving higher order

chain rule and product rule. Stated below are some well known lemmas that shall
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prove to be helpful in differentiating the composition of functions of ¢ in (2.4).

Lemma 2.8 (Faa di Bruno’s Formula) If F' and G are functions with a sufficient

number of derivatives, then the m'™ derivative of F(G) is given by

" ml Fbrt+bm) () I/ GO\ Y
ey = 3o MO (S

el

where the sum is over all nonnegative integers by, ..., b,, such that

bl+262+—|—mbm:m

Faa di Bruno’s Formula is a higher order chain rule and a proof can be found in
, )\ bi
[8]. In the formula above, when GU) = 0 and b; = 0, we interpret <#> = 1. The

following lemma is a higher order product rule which can also be found in [13].

Lemma 2.9 If G and H are functions with a sufficient number of derivatives, then

(GH)™ =" <m) G g,

- 1
=0

Proof. We shall prove this lemma using principle of induction. We shall induct on

m. Clearly, the lemma holds for m = 0. For m > 0,

@™ = (G

_ G/H)(m—1)+(GH/)(m—1)
= (m—1 N m—1
= - qm=) g@) T qm—1-0) i)
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Replacing ¢ by ¢ — 1 in the second sum, we get
N m—1 o /m—1
(GH)™ =G™H +)° ( . )GW—")H@ +)° ( , )GW—Z’)H@.

i=1

This last sum can be written as

m—1
GMH+Y" ((m Z_ 1) + (”Z__ 11)) Gm=IH® + GH™.
=1

We shall use Pascal’s identity for binomial coefficients to simplify the previous equa-

tion. Pascal’s Identity simply states that for any natural number n and any 0 < k < n,

(G- ()

Using Pascal’s Identity, we find that

we have

m—1
(GH)™ = GM™H + ( (m) G<m—i>H<2‘>> +GH™

[
We next examine derivatives of the various functions which comprise (2.4). The

first two are well known.

Lemma 2.10 For a function F(z) =1, we have

Fim) (z) = M

merl

Proof. We shall prove this lemma using principle of induction. We shall use induction
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on m. Given F(x) = %, the result holds true for m = 0 clearly. For m > 0, we have

F(x) = (F" V()
_ ((—1)m—1(m—1)!>’

1) (m - Dz

(
= (=1)"mlz~™!
(

This completes the proof. n

Lemma 2.11 Given a function G(x) = v/x + a, we have for m >0

(2m—1)

(=)™ t2m —2)/(xz +a) 2
22m=1(m — 1)!

G (z) =

Proof: We shall prove this lemma using principle of induction. We shall use induction
on m. Given G(x) = v/x + a, the result holds true for m = 1 clearly. For m > 2, we

have

Gm(z) = (G
) <( e m_l) 2)!(x+a)_(2(m2w>
(-1

/

(m=D=T(m — 1 —1)!

m 2 2m 4) (( n )7(27%273))/
= x a
sz 3(m 2)!

(=1)™2(2m —4)!  (2m — 3) _em-3)
= o 2 ) (@ ta)e )

(2m—1)

(=)™ 12m = 3)(x +a)” 2

22m=2(m — 2)!
(2m—1)
(=™t 2m —2)(x +a)” 2
B 22m=1(m — 1)!
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This completes the proof. O]

The next lemma is followed from Lemma 3 in [13] and Theorem 3.1 in [24]. The
lemma involves Stirling numbers of the second kind, denoted S(n, k). These numbers
are defined as the number of ways of partitioning n objects into £ non-empty parts.

The Stirling numbers of the second kind satisfy the recurrence relation
S(n+1,k) = kS(n, k) + S(n,k —1),

for any natural number n and 0 < k < n. This recurrence relation can be proved

using the principle of inclusion-exclusion.

Lemma 2.12 For m > 0,

(m) mil m
< 1 > :(_1>mamz(k DIS(m +1,k)

ear _ 1 — <€ax _ ]_)k

where S(m + 1,k) € Z is a Stirling number of the second kind.

Proof: We shall prove this result by principle of induction. We shall use induction on
m. Clearly, the lemma holds true for m = 0 since S(1,1) = 1. Let us suppose that it

is true for m — 1. By induction we have

() o (G2

which equals

m a™ m,m - e —1+1
Zk's m, ]{f _ 1)k+1 = (—1) a ;k‘s<m, k)w
Writing (€% — 1+ 1)/(e®® — 1)1 = 1/(e® — 1)¥ 4+ 1/(e®® — 1)k our sum can be
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written as

(-1)"a” (emf_

which is same as

(—1yran (S m+1 1) +

H
+
i

k= DI(kS(m, k) + S(m, k — 1)) m!
(eaz _ 1)k (eax _ 1>m+1

MMB

kE—DNkS(m, k) + S(m,k—1)) mlS(m+1,m+1)
ea:v _ ]_)k (eaz _ 1)m+1

because S(m +1,1) =1 and S(m + 1,m + 1) = 1. Using recurrence relation for the
Stirling numbers,S(n + 1, k) = kS(n, k) + S(n, k — 1), we have the sum equal to

Sm—|—11 N (k—=DIS(m+1,k)  m!Sm+1,m+1)
—1)maq™
(—D)"a ( 'l'; (e — 1)k (ear — 1)m+1

T (k—1)!1S(m+ 1,k
:(—1)mamz( (e)aw(—1; ),

k=1

This completes the proof. n

The combinatorial significance of the Stirling numbers of the second kind in the

formula given in Lemma 2.12 is not clear and could be taken up for research for future
work.

From (2.4) we have that is equal to

1
n€Z n3+Bn2+Cn+D

2r[(fAi(fo(fs)))((fo = S5)(fa(f2)) + (fz = fo) (fa(f5)) + (fs — f2)(fa(f6)))]

To obtain a closed form for ) r,we shall differentiate

1 1
neL (n34+Bn2+Cn+D) n3+Bn2+Cn+D

with respect to ¢, (k — 1) times. We shall do this step by step by differentiating
smaller compositions of functions embedded within (2.4) because it is not feasible to
differentiate nearly twelve compositions of seven functions altogether.

Step 1.1: Finding (n3+Bn2i0n+D)k
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Differentiating (2.4) with respect to g, k — 1 times, we get

1 1
Z _Z 2B3\k

=
nEZ(n3+Bn2+Cn+D) nEZ(n3+Bn2+0n+Q+BTC_ 27)

=27 [(fi(fo( ) ((fs — F5) (fa(F)) + (fr — fo) (fa(fs)) + (fs — Fo) (falf)))]*

Welet fs = fi(f2(f3)) and fo = ((fo—f5)(fa(f7))+(fr—=Ff6)(fa(f5))+(fs = fr)(fa(fs))-
This implies

1 _ (k—1)
% Bt CniDf ((f8)(fo))

Using Lemma 2.9 we get

1 k-1
- (k—1—41) p(i1)
Z(n3+Bn2+C’n+D)k_Z< ' )fS R

nel

Step 1.2: Finding fg*~1=%)

5 = f(fa(f))

We let fio = fo(f3) and using Lemma 2.8 we find that fs* 717" is equal to

AU = filfo)

) 11— ; by,
_ Z (k? 1 Z,1>!f1(b1,1+b1,2+ +b1,(k_1_11))(f10> kll_[ 1 ( 1%1)> 1,51

b1yl - by (h_1—i! !
b1,1,b1,2..,b1 (k—1—47) 1,1°41,2 L(k=1-i1) Jj1=1 J1

We let Ry = by,1 +b12 + - + by (k—1—4;) and use Lemma 2.10 to get that fg(kflfil) is
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equal to

3 (k—1— i)™ (f10) (kﬁil) (ﬁ)bm

br1!bral e by (ko1ip)! 1!
b1t b1 2 br (e 1iy) 1,1:01,2 Lk=1=in)" 205 J1

) ) (k—1—i1) i)\ Pa
_ 3 (k—1—i)(=1)™R,! 1 (faﬂ)

1 ol ... N Ritl !
b1t b2 b (et i) bialbia!- - by e—1-i)!(fi0) o )

To complete these calculations, we need to know higher derivatives of f;o, which are
computed next.

Step 1.3: Finding f7"

90 = (fal fa)) )

Lemma 2.8 will be used once again here to find the higher derivative. Using the

Lemma, we have that fl(gl) is equal to

. (b2,1+b2 2++b2 ;) j i)\ b2,
Z (]1)!(]0221 > S fs) - <f3(,]2)> "

ba1lbg ol - by s ! jo!
babozb iy 2,1:02 2 2,51 Ja=1 J2

We let Ry = byy + bao + -+ + by, and using Lemma 2.11 with a = 0 we find that

(41)
10
. : . ba
Z (jl)!fQRz)(fS) f[ <f;§]2)> 2
l... | -
bot baa b, ba11ba 2! - - - ba ! S\ !
. _ _ (2Rp-1) . b2,
=2 G0 (CDRTER - N(fy) T T (féf)) ”
| |... | 2R>—1 _ 1\ 7
bot baa b i, ba1lbyo! -+ - by ! 22R-1(Ry — 1) AL
54Q7 ]2 = 17
where f3(q) = 27¢% + 4p and f{’ = { 54, j, =2,
07 jQ > 2
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Next we compute féil).

Step 1.4: Finding féil)

F = (s = f5)(fa(F) + (Fr = fo) (Fa(fs)) + (fs — Fo) (falfe)) ™)
= ((fo = ) AN + (fr = f) (Fr(FN™ + (fs — fo) (falfs) ™

Step 1.5: Finding ((fs — f5)(fa(f2))™
This be calculated with the help of Lemma 2.9, which gives us

i1 (i iz—i i
(o= FN® =3 () = ) )
12=0
where f5 = x1, fs = xo and (fs — f5)27) = féiril) — féiril). Higher derivatives of
f5 and fs are computed later in this section and (f4(f7))) is computed next.
Step 1.6: Finding (f,(f7))2)

Using Lemma 2.8, we have

. (b3,1+b3,2+-+b3,i,) i2 (js) b33
(R =y B <f7>H<f7—>

b31lbz 2! - - b3 ! Js!

b3,1,b3,2--+,b3, i Jjz=1

Letting R3 = b3 1 + bso + -+ - + b3, and use of Lemma 2.12 with a = 27¢ simplifies
this equation to (f4(f7))) is equal to

.y @ H(i))b

bsqlbs ol b, ! ja !
b3,1,b3,2---,b3, i, 3,1°93,2 3,02 Ja=1 J3

i)(— )R (2mi) R B (i — D)IS(R + 1is) 1 (S0
g @ICDPEr) NS (i~ DIS(R, )H<f_>

b3’1!b372! o b37i2! (e2m'f7(q) — 1)23 j3'

b3,1,b3,2,--,b3,i, i3=1 j3=1

where f7(q) = x3 and its higher derivatives are computed towards later parts of this
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section.

Step 1.7: Finding ((fr — fo)(fa(f5))™
This will be calculated with the help of Lemma 2.9, which gives us

(= SN = 3 (1) = )
i4=0
where fg = 29, fr = 13 and (f; — f¢)471) = f7(i4_il) — féi“_il). Higher derivatives of
fs and f; are computed later in this section and (f4(f5)) is computed next.
Step 1.8: Finding (f4(f5))(

Using Lemma 2.8, we have

' -\ p(0a b2t by is (Ga) \ P4a
IR S BT <f5—>
ja=1

byi!byo! by, Ja!

ba,1,b4,2,...,b4,i4

Letting Ry = b1 + byo + -+ + by, and use of Lemma 2.12 with a = 27¢ simplifies
this equation to (f4(f5))) is equal to

) i i)\ b4
_ oy (ia) 1™ (f5) 11 £\
b4,1!b4,2! T b4,i4!

i
- 4
ba,1,b4,2...,b4,i, Ja=1 J

PN 1R (2mi) B B (i DIS(Ry 4 1,45) 25 90\ "
_ y @CDmEm)n N s - DS )H<f_>

b471!b472! s b4,i4! (627rif5(q) — 1)25 j4'

ba,1,b4,2,.-,b4,i, i5=1 Ja=1

where f5(q¢) = x; and its higher derivatives are computed towards later parts of this

section.

Step 1.9: Finding ((fs — f7)(f1(fs))™
This be calculated with the help of Lemma 2.9, which gives us

i1

(U= FN =3 () s = £ o

i6=0
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where f5 = a1, fr = x5 and (f5 — f7)(i6_il) = fs(iﬁil) - f7(i67i1)- Higher derivatives
of f7 and fs are computed towards the later parts of this section and (f4(fs))" is
computed next.

Step 1.10: Finding (f4(fs))(

Using Lemma 2.8, we have

; (b5,14b5,2+4bs i) ig (Gs) \ P55
T I S (011 <f6>H<f§_>

Ds11bs gl - by | !
b5,1,b5,2..-,b5,i¢ 5,1°45,2 516 Js=1 J5

Letting Rs = bs1 + bsa + -+ + bs 4, and use of Lemma 2.12 with a = 27¢ simplifies
this equation to (f4(fs))) is equal to

i i)\ 054
-y (i)' £ (fo) 10 &N
b571!b572! . b5,i6! s} =

b5,1,b5,2--+,b5,ig J5:

i6 5 b5vj5
-y (ig)!(— 1)1 (2ri) RZ (i — DIS(A; + L) &
o bs1bso! - - ! (e2mife(a) — 1)in i |

bs ;. ! !
b5,1,b5,2--+,b5,ig Biet =1 Js=1 J5

where fg(q) = x5 and its higher derivatives are computed next in this section.

1 . . .
The closed form for ) _, (STBw o D)F CAn be obtained by combining the cal-
culations carried out in Steps 1.1 - 1.10. To get simplified closed form, we need to
further calculate higher derivatives of f5, f¢ and f7 i.e. x1,29 and x3 respectively.
Therefore, we shall now attempt to compute higher derivatives of 1, x5 and x35. We

have that

B B B
:\/SM—}—\?/N—g, 2o =V Mw+ VN Q_E’ 25 = VMw?® + VN —3

where M = q+\/ N— \/ p— —z )andq:

(2—733 — gBC’ + D). Observmg x1, Ty and T3 carefully, one can easﬂy deduce that

to compute their higher derivatives, it is enough to compute higher derivatives of
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any one of them and others can be calculated in similar fashion. Also, to compute
their higher derivatives, it is enough to compute higher derivatives of v M and v/ N.
Therefore, we shall now attempt to compute higher derivatives of v'M and v'N. Let

gui) = 2+ [+ )

Then, ¢41 = M and g_; = N. To compute n' derivative of ¥/M and /N, it is

us write

enough to compute n'" derivative of ¢gi;. We can write #/gi; as composition of

functions as follows:

Vg1 = g5(9-2  94(93(g+2)))

3
where g = +%, g5 = ¢%, g1 = \Jq+ (&) and g5 = ¥q. Clearly, 9 (q) = +5

and gﬁ)(q) = 0 for m > 1. Similarly, it is obvious that ggl)(q) = 2q,g§2) (q) = 2 and

gém)(q) = 0 for m > 2. Higher derivatives of g4 can be computed using Lemma 2.11

and those of g5 are discussed below in the following well-known lemma.

Lemma 2.13 Given a function H(x) = J/x, we have

HO (z) = (ﬁ(4 - 3@) 3imx“§"">.

k=1

Proof: We shall prove this by principle of induction. We shall use induction on m.

For H(x) = /x, the result holds true for m = 0 clearly since the empty product
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szl, is by convention, equal to 1. For m > 0, we have
H™ () = (H™ V(2))

m—1
NS

x~
I
—_

m—1
B 1 (1-3(m—1)) / a=sm-1)
- ( (4=3K) | 5o : (:c ; )
k=1
m—1
B 1 (4—3m) / a-sm-1)
- ( (4=30) | 3 (“7 ’ )
k=1
i 1 a-sm
k=1

This completes the proof. n
Now that we have the higher derivatives of gis, g3, g« and g5, let us find the n**

derivative of y/g+1.

Step 2.1: Finding \B/E(").

We have that

Y91 = g5(9-2 = 94(93(9+2)))

Thus,
V9™ = (g5(g-2 % galga(gi2)))™

Letting g+6 = g—2 £ 94(93(g+2)) and using Fad Di Bruno’s formula stated in Lemma

2.8, we find that

Y™ = (gs926)™ = >

b6,1,b6,2,"b6,n

n!gB(b6,1+b6,2+---+b6,n) (g:I:G) ﬁ (g:ﬁ:G(jS) ) be,jg

b61!b62!"'b6n! . j6'
) ) ’ je=1
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Letting Rg = bg1 + bg2 + - - - + bsn, and using Lemma 2.13 we get

o nlges(@) " T RN
Vo = Z be,1'06,2! - - - bg ! 356 H(l —3(k—1) H ( ' > .

|
b6,1,b6,2,+be, k=1 je—=1 J6

The higher derivatives of g.¢ are computed next.
Step 2.2: Finding (g.¢)"".
We have that

9+6 = g—2 & 94(93(9+2))

Thus,
(g26)" = (9-2 % 9a(g3(g42)))"
(9:46)" = (9-2) £ (9a(gs(g:2)) "

(gj:G)(jG) _ {—% + (g4(gg<g+2)))(j6)7 jo =1
i(94(93(g+2)))(36)’ j6 > 1.

Step 2.3: Finding (ga(gs(g:2)))"".
Letting g7 = g3(g+2) and using Fad Di Bruno’s formula, we find that

. ‘ ; . b7, i
) (]6)!94(b7’1+b7’2+m+b7’36)(g7) Je (97)(]7)
(94(93(9+2)))(]6) = E | | - .
! oo by | ]
br1,b7,2 b7 g b7 11b7 ol -+ by 4! e 7!

Letting Ry = byy + bra + -+ + b7, and using Lemma (2.11) with a = (’g’)3 we get,
(94(93(9+2)))(]6) =

(0! (=1)™~ 2Ry — 2) ((q)2+(1’)3)_%2'” I ((m)m))m.
)

br.1lb7 2! by, je!22R7—1(Ry — 1 2 Fid
6

b7,1,b7,2,°b7 ; =1

Step 2.4: Finding g§j7),
97 = 93(g+2)
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which implies

(47)

997 = g3(g42)Y7

Using Fad Di Bruno’s formula, we find that

. ; (bs,1+bg,2++bs j-) J7 (78) \ "8
(G7) Gr) _ (j7)'g3'"® 97)(g42) (9+2)
97" = g3(9+2) = E | | - .

bg1lbgo! - - - bg j,! Js!

bg,1,b8,2,bs j;

Lettlng RS = b871 + b872 + -+ b&j?, we get

: ' Us) \ P8
. . j 'g (RS) g J7 g
g$J7) — 93(g+2)(37) _ } : (J7)!g5"" (g4-2) l I ( +2) 7

b&llbgyzl s b87j7!

bs,1,b8,2,"bs, jz Jjs=1

ZQ7 R8 = 17
where g3(8) = { 2 Ry =2,
0, Rg > 2
1 .
j 5y J8 = 17
and Us) _ )2
(9+2) {0’ e > 1.

Clearly, it is not feasible to write higher derivatives of /M and /N explicitly here
and hence the higher derivatives of x1, x5 and z3. However, these can be computed
with the help of computer by building a software or writing a program in which steps
2.1-2.4 can be coded as iterative steps for the calculations and the user can input
different values of n. Once we have the n'* derivatives of z1, 2, and x5, we can easily

compute (k—1)" derivative of Y similarly by writing steps 1.1 -1.10

1
n€Z n3+Bn2+Cn+D
into the program and inputting values for k. This shall give us the closed form for

1
the sum ) _, BIBELCniDl

In the following section, we shall investigate a new approach to compute the closed

forms for the sums (1.2) and (1.3) and attempt to compute the closed forms using

the new method.
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Chapter 3

Evaluating the sum using the

cotangent function

In this chapter, we will derive many relations found in Chapter 2, using a different
method. Namely, we will make use of the cotangent function and its relation to

exponential functions to compute closed forms for the sums ) and

1
n€Z n3+Bn24+Cn+D

1
ZnGZ (n3+Bn24+Cn+D)*’
As noted in [18], an important relation is derived from the Hadamard Product for

sin(7z),
sin(rz) = 7z H (1 - —2> :
n
n=1

Taking the logarithmic we obtain,

2
logsin(mz) = log 7z + Zlog <1 — Z—) :

n2
n>1

Differentiating the previous equation with respect to z, we get,

1 2z
meot(mz) = . + Z popt

n>1
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Using partial fractions, we can write the last sum as

1 1 1
meot(rz) = ;+Z(z—n+z+n)

n>1

1
- Zn+z'

nez

el _p—iw

21 :

.(e“+e—z’x) ,<62“+ 1>
cotr=1| ———— | =1 - .
e — p—iT 62295 -1

From the above discussion, we deduce that

e'Tte—ix
2

Also, it is well known that cosz = and sinx = This implies

2miz 1
c_ T ) . (3.1)

E ! cot(mz) i ———
=7 TZ) =T .
n+z e2miz — 1

neL

We shall use this formula to compute closed forms for the sums (1.2) and (1.3).

3.1 Computing a closed form for

1
Zn3+Bn2+Cn+D

nez

If a, i, v € C are distinct non-integer roots of the cubic polynomial ®+ Bx?+Cx+ D,

then we can write the sum using partial fractions as

1
n€Z n3+Bn24+Cn+D

1 B C1 Co C3
Zn3+Bn2+0n+D_%n—a+;n—u+;n—u

ne”L

(3.2)

where ¢y, co,c3 € C are non-zero numbers and can be computed using the following

lemma that also appears in [18].

Lemma 3.1 For two polynomials A(x), B(x) € Clx] with deg(A) < deg(B), A(x) # 0
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and B(z) having distinct roots oy, g, . .. Qy,, we have,

Ala)

where ¢; = o)

Proof: We have by partial fractions,
Alr) & 1
B(z) Zcix —a;

Without loss of generality, we compute ¢; and note that the other ¢;,2 <1 < m follow

the same pattern. Since a4 is the root of B(x), this implies B(ay) = 0, and thus, we

can re-write the previous equation as

A !
B(z) — B(o) ; ‘T —

Multiplying (z — a;) on both sides of the equation, we get

=1
which is same as
r — " 1
Alr) ———— = i —aq).
O B~ By T )
=2
Taking the limit as x approaches ay, we get
. T — g . = 1
lim A(z) ———— =1 i —
Ml A B T By A (Cl N ;2 St al))
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which implies

A(Oél) .
= Cq.
B/(Oél)
The coefficients co, c3, . . ., ¢, can be computed similarly. O

We shall use Lemma (3.1) for A(z) = 1 and B(z) = 2*+ Bz*+Cz+ D to compute
coefficients ¢q, ¢9, ¢3 in (3.2). Clearly, A(z) is constant, so we only need to find B'(z)

for x = a, i, v. We have,
B(z) =12+ Bx* +Cz+ D = (z — a)(z — p)(z — v)
and computing the derivatives gives
B'(z) =32 +2Bx+C = (v —p)(z —v) + (z — a)(x —v) + (x — a)(z — p).
Thus,

B'(a) = 3a*>+2Ba+C = (a—p)(a—v),
B'() = 3p*+2Bpu+C = (u—a)(p—v),
B'(v) = 3 4+2Br+C = (v—a)lv—p).

Using Lemma 3.1, we have the partial fractions for equal to

1
z3+Bx2+Cxz+D

1 1 L 1 1 L 1 1
(@—plla=v)(@—a) (p-a)p-v)(x—p) @=-a)v-p)(r-v)

and so the sum ) is equal to

1
n€Z n3+Bn2+Cn+D

ne”Z

1 1 1 1 1 1
(a—u)(a—u),%(n—a)]*{(u—a)(u—u)%(n—m}+[<u—a)<u—u>z(n—u> |

To compute this sum further, we shall now use Equation (3.1) to relate the sum to
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the cotangent function. We have that the sum ) _, m is equal to
7 cot(—ma) 7 cot(—mp) 7 cot(—mv)
(@—p)la—v) (p—a)(p—v) ¥F-a)v-p)
7 cot(ma) 7 cot(mp) 7 cot(mv)

@—pla-v) (-a)u—-v) v-a)v-p

Replacing the cotangent function with its exponential equivalent, we obtain

nel BTBATCnTD 18 equal to

o {m fml(afu) (2 = i) T a)lwf V) (2 . D - (u—a)loffu) (2 - 1)] '

We make some modifications to this sum to get a “better” closed form. The sum

1 .
ZnEZ WBIBR21CntD can be written

, 1 eme _ 14141 N 1 exmit — 14141
—T1 . .
(@ —p)(a—v) emie — 1 (h—a)(p—=v) et —1

n 1 e 14141
V—a)v—p \ -1

1
= —m

' [(a—u)(a— ) <” — 1) S e (1 + e 1>

S eI (” s 1)}
1 1 1

- Lalmmu) *y—am—v) +1<u—a><u—;;>
T a- (=) (2 - 1) ITEITED ( - 1)
ROEDIOED (— 1)1 |
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The first three terms combine to 0 and we obtain, ) is equal to

1
n€Z n3+Bn?4+Cn+D

—2m [(al ,u)l(oz —v) (1627”’3 - 1) T oz)l(u —v) <62’”‘: - 1>
T —n (62”” - 1”

= {(041 u)l(y —a) (11 - 162m) Tl u)l(u —v) <1 - ;’”'“)
T a—v) (1 - 62”””

B —2m w—v n V—a« N a— i
o (0 —p)(p—v)(v—a) \1 —e2mia ] —e2rin ] — 2miv

B 271 v—pu 4 a—v n h—«
o (V—M)(M—Oé)(a—V) e2mic _ | e2mip _ | e2miv _ | ’

This gives us the closed form for the sum (1.2) which is exactly same as the one
found using Fourier Analysis in Theorem 2.7 but with no convergence conditions.

The results derived in this section are encapsulated in the following theorem.

Theorem 3.2 If o, u,v € C\ Z are the distinct roots of the cubic 3+ Bx*+Cx+ D,
1
then, we have, g

neL

18 equal to

n+Bn2+Cn+D

2mi vop o azv | poa
(V_M)<,U_Oé>(06—V) e2mia _ e2mip — 1 e2miv _ '

Following the same approach of using the cotangent function to compute the closed

1
n€Z (n3+Bn2+Cn+D)"

form, we shall now attempt to find a closed form for the sum )

in the next section.
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3.2 Computing a closed form for

1
Z (n® + Bn2+ Cn+ D)"

nez

Let o, u, v € C/Z be the distinct roots of the cubic polynomial (23 + Bz?+ Cx + D).

If for the sake of simplicity of writing, we write &« = a1, = s, v = ag, then, we

can write that the sum ) _, (n3+Bn2—1&-C’n+D)k is equal to

Z 1 k:Z i 1

ez (n—a1)(n —asz)(n — a3)) nez (n—a1) (n — a2)k(n - sz)k‘

Drawing parallels with (3.2) in the previous section, we can split this sum using partial

fractions and see that ) _, T Bn2—1‘r D) is equal to

D)D) DESLTAS

nez i=1 j=1 ¢
for constants ¢;; € C where 1 < ¢ < 3 and 1 < j < k. It is obvious that for
higher values of k it is challenging to compute the ¢; ;’s by hand as we do not have
any elegant explicit formula to compute these; but it is not that these coefficients
cannot be determined. One can compute these coefficients with the help of computer
by writing a program that has computational steps coded into it as iterations as no
formula is known at this time, in comparison to Lemma 3.1. Once we have these

coefficients, it becomes possible to find the closed form that we are looking for. At

this point, we have that ) _, (n3+Bn21+Cn+D)"' is equal to

1
chjzm (3.3)
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To simplify this sum further, we need to determine what the sum »_

equal to. This sum can be evaluated with the help of (3.1).
Lemma 3.3 For j > 1, we have

—Ti (1 + 627”2 1) 7=1,

1 J

Z Y 27rz J t - 1 ) . .

nel (n - Z )! Z 6271’12 _ ) Z 2’
t=1

where S(j,t) € Z is a Stirling number of the second kind.

Proof: Replacing z by (—z) in (3.1), we get

1 ‘ 627riz+1
= —meot(mz) = —mi [ ———— ).
Z — mcot(mz) i <€2mz — 1)

nez

In this lemma, we have two cases depending on j.

Case I: When j = 1, we have from (3.4) that

1 627riz+1
Zn—z 7 eot(mz) i <€2mz_1)

This implies

Z 1 . €2ﬂiz—1+1+1
= —T71 -
n—z e2miz — ]

ne”
|1+ 2
= —T ary—
627rzz -1
(3-1)
1) '

B —T . 2
- (j—l)! e2miz _
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Case II: When j > 2, by computing the (5 — 1)** derivative of (3.4), we get

1 (—7 cot(mz)) ™Y
2 (n—z) (=Dt

—71 2 G-b
= — 14+ — .
G- 1>!( e 1)

For 7 > 2, we have that 7 —1 > 1 and we see that

3 1 —2mi ( 1 )U”
(n _ Z)j (] _ 1)[ e2miz _ 1 :

nez

neL

From Lemma 2.12 we have that for m > 0,

1 \™ Z*t—wsmﬂt)
esr — 1 (ewr — 1)t '

Using this lemma for x = z,a = 27i,m = 7 — 1, we find that

5 1L = (_Dj_l@m)jljil (t— 1S — 1+ 1,1)
' 4

(n—zy (= D! — (e?m= — 1)

L (t—1)15(j,1)
1

)
(62mz_ )t :

neL

(—2mi)’
G —=D!

t=1

This completes the proof. n

The closed form for the sum (1.3) is computed in the following theorem.

Theorem 3.4 If oy, az, a3 € C\ Z are distinct roots of the cubic 3+ Bx*>+Cx+ D,

1 .
then the sum ., _, BTBrOnT D) S equal to

3 k NG
, (—2 (t—1)IS(5,1)
Z <—7TZC@',1 + ;Cm ' ; 627”0‘1 _]1 ) ;

i=1

where ¢;; € C,1<i <3 and1 < j<k.
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Proof: From (3.3), we have that
k
1 1
Z (n3 + Bn? + Cn + D)" Z Z ! n— )’

neZ ) 1 \ .
S B SER RS 1 92 e

Using Lemma 3.3 for z = a;, we find that the sum ) _, (n3+Bn21+Cn+D)k is equal to

3 | 3k j t_1'5]7>
ZCiJ (_’/TZ (1 e2mia; _ )>+chl’] j—l‘z e27rwzz_

=1 j=2
—omi) <~ (t— 1) 'S], )
= —MZ@ﬁZZ% ,Z oy
=1 j=1 t=1
3 k N
, t— 1 1S( j, )
=1 j=1 t=1
This completes the proof. O

Now that we have computed the closed forms for the sums (1.2) and (1.3) using
Fourier analysis and by connecting the sums to the identities involving well-known
trigonometric functions and combinatorial numbers, we shall compare the two ap-

proaches and results derived using each in the next chapter.
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Chapter 4

Conclusions and future directions

This chapter reviews the goals of the research conducted. The results derived in the
earlier chapters are summarized and compared. Also, a section of this chapter is

allocated to discussion of further research.

4.1 Objectives of research

This thesis has been formulated for partial fulfillment of completion of Master of Sci-
ence degree program in Mathematics at Wilfrid Laurier University. The thesis has
provided me with an excellent opportunity to learn to apply the conceptual under-
standing of Mathematics to conduct and practice research for the abstract mathe-
matical problems in detail. The results derived for writing of this thesis incorporated
the theoretical knowledge gained through the graduate courses taken at Laurier. One
such course was that of the reading course in Combinatorics (MA685) that I took
with Dr. Chester Weatherby in Fall term (2015). Various concepts learnt through
this course helped me build conceptual background that was required to yield results

for the thesis.

. . : . 1
This thesis is aimed to evaluate closed forms for the sums ZnEZ BT B (O D)

where B,C, D € C and k € Z. Sums of this form are related to an important function
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in Mathematics, the Riemann zeta function, ((s). Though several properties of ((s)
have been studied and analyzed, there are still fundamental postulations related to
it, that remain unproved. So, it is important to explore mathematical problems

involving or relating to ((s). The computation of the closed forms for the sums

Y nez o BnQicn D) is a step forward of studying the Riemann zeta function.

4.2 Summary of thesis

The thesis begins with building mathematical background and motivation for the
problem in question in Chapter 1. A section in this chapter analyzes the cubic
polynomials of the form ax® + bx? + cx + d and various methods of finding their
roots. One of these methods that is used in calculations in later chapters is that of
Cardano’s method. Cardano’s method is discussed in detail and it is learnt that using
this method, the roots obtained for the cubic polynomial ax® + ba? + cx + d are of

the form

b
T = \3/M+\3/N—3—a,
b
Ty = VMw+ VN 2—3—
a
b
r3 = VMw?+ VN ~ 3,
a

wig

where M = 3+ /(8)"+ (5), N = 51 = /(1) + (5)" p = £ —5(2) amd ¢ =
g.

2 (b\3 _ 1
7 (e) — 3+
In chapter 2, we review fundamental concepts of Fourier analysis that are used to

compute the closed forms for the sums Y°, o) =g and 3,y (

1
n3+Bn2+Cn+D)k -

The closed form computed for the sum ) is given by the Theorem

1
n€Z n34+Bn2+Cn+D
2.7, which is re-written below.

Theorem 4.1 Suppose o, p,v € C\ Z are the distinct roots of the cubic u® + Bu? +
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Cu+ D where B,C, D € C and the cubic can be factored as,

w4+ Bu*+ Cu+ D = (u—a)(u®+ Bu+7) = (u—a)(u—u)(u—1r)

where o, 3,7, p, i, v € C and v = p* + 4,,u=—§—z,0,1/———+zp such that

1. Im(a) >0
2. 0< |2 < Re(p).

Then,

Z 1 B 271 vV — n a—v n I —
(n3+Bn2+Cn+D) (v—p)(u—a)la—v) \e2mio —1 = e2min 1  e2miv 1 )"

ne”

For the sum

n€Z FT B2 +Cn DY the previous sum was written as a composition

of functions of ¢ as follows

> 1 -5 ! _
5 (WP + B’ +Cn+ D) L (n+ Bn? + Cn +q+ 57 - 2F)

2 [(S1(f2(fs)))(fs = o) (fa () + (fr = fo) (fa(S5)) + (f5 = f2) (fa([s)))]

where fl(q) = %7 f?(Q> - \/aa f3(Q> - 27q2 + 4p37 f4( ) - W?
f5(q) = n =21, felq) =v =1u [fr:(q¢) = a = z3. It was then differentiated

with respect to ¢, kK — 1 times using concepts of Faa Di Bruno’s formula, product
rule for higher order derivatives and various lemmas involving generalised derivatives
for parts that make the whole. Since differentiating the sum meant differentiating
the composition of seven different functions of ¢, and applying multiple applications
of Faa Di Bruno’s formula, product rule for higher order derivatives, etc., it was not
feasible to write an explicit closed form for the sum (1.3) by doing computations by
hand. The differentiation was carried out step by step followed by differentiation of
the roots o, p and v, which too involved decomposing the roots into functions of ¢

and differentiating these in further steps. The closed form in this case using Fourier

52



methods, can only be obtained if the information exhibited in the individual steps is
programmed and different values of k can be input into the computer to compute the
closed forms for the sum (1.3) for different values of k.

In Chapter 3, we evaluated the closed forms for the sums (1.2) and (1.3), but by
using a different approach, that involved connecting the sums to the cotangent func-
tion and its exponential equivalents. The closed forms computed using this method

are outlined in Theorems 3.2 and 3.4, that are mentioned below.

Theorem 4.2 (Theorem 3.2) If a,pu,v € C\Z are the distinct roots of the cubic
1

3 2
x’ + Bax® + Cx + D, then, we h““67;n3+3n2+0n+D

18 equal to

27TZ I/—/J, + o — UV + Iu_a
(y — M)(M — O./)(O_/ _ V) e2mia _ e2mip — 1 e2miv _ :

Theorem 4.3 (Theorem 3.4) If a1, as,a3 € (C\Z are distinct roots of the cubic
23 + Bx? + Cx + D, then, the sum

1s equal to
nezZ n3+Bn2+Cn+D)k q

5 , k L (t—1)18(j,
Z(—mci,ﬁ—;cm< ,Z 62ma1_]1 )>,

i=1
where ¢;; € C,1 <1 <3 and1 < j<k.

The closed forms for the sums (1.2) and (1.3) computed using the two different ap-
proaches, namely, by using tools and techniques of Fourier Analysis and by connecting

the sums to cotangent function, will be compared in the next section.

4.3 Comparison of the results derived

The closed forms obtained for the sum ) _, m using approach of Fourier
analysis in Theorem 2.7 was the same as the one computed by connecting the sum

to the cotangent function and its exponential equivalents in Theorem 3.2; the only
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difference being that the latter did not have any conditions associated with it, while
the former did have certain conditions on the roots of the cubic. So, on comparing
the two methods, it will not be wrong to say that using the cotangent method to

- is the “better” method

compute the closed form for the sum ZnEZ T an}rcn )
for computing the closed form in the case of k = 1.

For k£ > 1, it was found that by using Fourier analysis it was not feasible to
write the closed form for the sum explicitly by making the computations by hand for
the purpose of this thesis, but nevertheless it is not impossible to calculate the closed
form. One can easily compute the closed form for the sum (1.3) by building a software
with the computations programmed into it and inputting different values of k. On
the other hand, in the closed form evaluated using the cotangent function method in
Theorem 3.4, the coefficients ¢; ;’s € C,1 <7 <3 and 1 < j < k were unknown for
higher values of k, as no elegant formula to compute these ¢; ;’s for higher values of
k is known to the writer at this time. If the coefficients ¢; ;’s were known, we would
get a really “nice” closed form for the sum (1.3). Therefore, as far as the methods
of computing the closed form for the sum (1.3) are concerned, it is the approach of
using cotangent function to compute the closed form that is a “better” approach.
Nonetheless, the approach of using the tools and techniques of Fourier analysis is also
useful. It helps us to get insight into another way of computing the sum in closed

and explicit form in terms of roots of the cubic in question.

4.4 Future work

The research conducted for the formulation of this thesis can be advanced in number
of ways. One, as was mentioned in the previous section, the closed forms obtained for
the sum )

certain conditions associated with the roots of the cubic, namely

1 . . . .
neZ BTER e Using approach of Fourier analysis in Theorem 2.7 had

1. Im(a) >0

o4



Im

It could be attempted to evaluate the closed form for the sum (1.2) using the ap-
proach of Fourier analysis without imposing any conditions on the roots of the cubic
polynomial.

Second, the closed form evaluated using the cotangent function method in Theo-
rem 3.4 gave us a “nice” closed form but the coefficients ¢; ;'s,1 < ¢ < k,1 <35 <3
could not be computed for higher values of k. Future work could be directed toward

seeking a formula for computing the coefficients ¢; ;’s for higher values of k.

1
nE€Z (p34Bn24+Cn+D)

the cubic 23 + Bx? + Cx + D had complex but non-integral and distinct roots. It

Third, the closed forms were computed for the sums ) + where

would be interesting to explore the sums related to cubic polynomials with integral
and repeated roots.

Fourth, Lemma 2.12 involved Stirling numbers of the second kind. The future work
for this thesis could be directed towards researching for the combinatorial significance
of these numbers.

Fifth, based on the approaches followed to compute the sums (1.2) and (1.3), this
thesis research could also be extended by attempting to compute closed forms for
the sums ) where B,C, D, E € Z and P(n) is a

polynomial of degree m € Z where m > 3.

1 1
n€Z w1 Bn3+Cn2+DntE OF ZnEZ P(n)

The future research described above would enable us to explore the Reimann zeta

function, ((s), further.
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