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Abstract

The main focus of this thesis is in the application of a new family of
analytical solvable diffusion models to arbitrage-free pricing exotic financial
derivatives, such as barrier options. The family of diffusions is the so-
called "Drifted Bessel family” having nonlinear (smile-like) local volatility
with multiple adjustable parameters. In particular, the drifted Bessel-K
diffusion is used to model asset (stock) price processes under a risk-neutral
measure whereby discounted asset price are martingales.

Closed-form spectral expansions for barrier option values are derived
within the Bessel-K family of models. This follow from the closed-form
spectral expansions for the transition probability densities which are ob-
tained for the Bessel family of processes with imposed killing boundaries.
We also show that the commonly adopted CEV model is recovered as a
special parametric limit of our Bessel family of models for the case of zero
drift.

The rapid convergence of the spectral expansions leads to very efficient
numerical implementations of barrier option pricing and sensitivity analysis.
We hence carry out various numerical computations in order to study the
relative effects of the parameters (state dependencies) of the Bessel family
of models with respect to barrier option pricing and hedging. We com-
pare our results with the standard Black-Scholes (GBM) and CEV models,
demonstrating that model specification leads to important differences when

pricing non-vanilla options, such as barrier options.
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Introduction

Derivative contracts or options can be broadly classified into two main
categories: (i) non-path-dependent (European vanilla options) or (i) path-
dependent (Exotic options). Most standard equity options, such as Euro-
pean calls and puts, are of type (7).

Derivatives of type (ii) encompass a wide variety of modern-day con-
tracts that are formulated within various markets that include equity, fixed-
income and credit markets. Within the equity derivative arena, the basic
difference between options of type (i) and type (i%) is either the inclusion of
an early exercise feature (ie. American) or a more strongly path-dependent
option feature whereby the payoff is a function of the history of the stock
process, as in lookback or barrier options. Some contracts combine both
features, and this gives rise to so called American style, lookback style and
barrier options. This thesis focusses on the pricing of European style bar-
rier options on a stock with fixed expiration date. These options come in
various flavors: single or double-barrier, knock-in or knock-out, constant or
time dependent barrier levels, etc. The characteristics of such options are
well known [see Albanese and Campolieti 2005]. Chapter 3 of this thesis
contains a description of knock-out options with constant barrier levels. As
the name suggests, a single barrier knock-out option expires worthless if
the stock price hits a predetermined single upper or lower level, in the case

of a double-barrier knock-out, if the stock price reaches either level before

1



2 INTRODUCTION

expiration. A nonzero payoff results only under scenarios in which the stock
price does not attain the barrier(s) throughout the lifetime of the option.
The payoffs are typically call-like or put-like. Knock-in barrier options have
a complementary payoff structure and are hence valued by knock-in/knock-
out symmetry, i.e. the valuation problem is reduced to that of the knock-out
barrier option.

In the study of stochastic diffusion processes with application to finance,
geometric Brownian motion is among the simplest models for continuous
time asset pricing. In the GBM model, the asset price process is assumed to
have a linear drift and a constant local volatility (i.e. dS; = pS;dt+0S;dW;).
For many years the GBM model was one of the few known continuous dif-
fusion models to admit exact pricing formulas for various options, such as
lookback and barrier European options. However, in the real world the
volatility is not constant across maturities. The constant elasticity of vari-
ance (CEV) diffusion model is the first model to incorporate a nonlinear
local volatility. The Laplace transform and spectral expansion approaches
[see Davydov and Linesky 2001, Linetsky 2004] are useful for deriving an-
alytical pricing formulas for CEV and other nonlinear volatility diffusion
models.

In recent years, there was a new development in the construction of
various new families of solvable multi-parameter nonlinear local volatility
diffusion models that have a wide range of applicability in finance (see Al-
banese and Campolieti 2005, Campolieti and Makarov 2006, Campolieti
2008). The main idea in this new development is the use of a so-called dif-

fusion canonical transformation methodology. The method allows us to map




INTRODUCTION 3
more complex families of diffusions (we name them F-diffusions) into sim-
pler families of diffusions (we name the latter X-diffusions). In particular,
the approach allows us to develop analytically exact transition probabil-
ity densities for new families of diffusions of interest (i.e. for F-diffusions)
based on analytically exact transition probability densities that are readily
obtained for underlying X-diffusions using Green’s functions and spectral
expansions. The diffusion canonical transformation methodology is appli-
cable to general choices of underlying X-diffusions. However, in this thesis
we focus exclusively on so-called Bessel families of nonlinear local volatility
models with linear drift. These processes are generated by choosing the
squared Bessel procéss as the X-diffusion.

In particulaf, we consider a new family of models referred to as the
drifted Bessel-K diffusion processes. We use this subfamily of diffusions as
a basis for describing asset (stock) price processes. The drifted Bessel-K
diffusions consist of four freely adjustable parameters, and for all choices of
these parameters the processes describe discounted asset prices as martin-
gales within an assumed risk-neutral measure. The local volatility of this
Bessel family is highly nonlinear and consists of various desirable features
that are observed in the equity options markets. Such features include the
leverage effect at lower values of the asset price and pronounced smiles and
skews in the implied volatility surface. Moreover, the Bessel-K models are
supersets of the CEV model, i.e. the driftless CEV model is recovered as
a special limiting case of the Bessel-K model. In this thesis, we tackle the
problem of deriving new analytically exact pricing formulas for barrier op-
tions written on an underlying asset (stock) price process that is modeled

according to a Bessel-K diffusion.




4 INTRODUCTION

The thesis is organized as follows. Chapter 1 provides the background
for deriving closed-form spectral expansions for the transition probability
density of an underlying solvable X-diffusion. The chapter presents the
basic Green’s function method and Sturm-Liouville formalism. Included in
Chapter 1 are analytically exact spectral expansions for transition probabil-
ity densities of a squared Bessel diffusion process with killing at one or two
barriers. Chapter 2 presents the essential features of the diffusion canonical
transformation methodology. This methodology leads to the construction
of a new drifted Bessel family of diffusions, i.e. the drifted Bessel-K and
Bessel-1 diffusions with four parameters contained in the nonlinear local
volatility function. Moreover, Chapter 2 also contains a brief introduction
of the first hitting time for diffusions. The latter are used partly to derive
barrier pricing formulas in Chapter 3. Chapter 3 presents derivations of
new analytically exact pricing formulas for various standard European bar- -
rier options. This includes double knock-out, down-and-out and up-and-out
call (and put) options. Moreover, we compare these results with those of
the well-known GBM model. In addition, we recover the zero-drift CEV
volatility model from the Bessel-K subfamily and present various pricing
results for the CEV. Finally, in Chapter 4 we investigate the sensitivity of
barrier option prices under the drifted Bessel-K model. That is, we compute
the so-called “Greeks” for the European barrier call options which include

the Delta and Theta of the option.



CHAPTER 1
Spectral Expansion For Underlying Processes

1.1. Transition Density and Fundamental Solutions

Consider a one-dimensional time-homogeneous diffusion process (X );>o
on the state space D = (I, r) with two endpoints, I > —o0 and | < 7 < 0,

and obeying the stochastic differential equation
dXt = a(Xt)dt + I/(Xt)th, X() =Tp € D (111)

(Wi)e>0 is a one-dimensional standard Brownian motion and the X-process
starts at zo at time ¢ = 0. The drift function a(x) is assumed to be contin-
uous and differentiable on D. The volatility function v(z) is assumed to be
twice continuously differentiable on D.

Let u{z,zo,t) be a transition density of the X process. The transition
probability density u(x, zo,t) hence satisfies the time-homogeneous forward

Kolmogorov equation

N 2
% _ %539? (V(e)u) - (%(a(x)u) = H,u (1.12)

and the backward Kolmogorov equation

%y

ou 1 du

o = 3" gz

with initial condition u(z, xo,0%) = &(z — o), where §(z — zp) is the Dirac

delta function. The operator H, is the Fokker-Planck differential operator
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which acts on variable z and G,, is the generator (Lagrange adjoint op-
erator) acting on xp. The transition density u(z,zo,t) of the X-diffusion
process is obtained by solving either forward or backward Kolmogorov par-
tial differential equation.

For convenience, we introduce the speed density m(z) and scale density

*§(z) functions:

s(z) = exp (— /w izz((j)) dz), m(z) = 5(55)2% (1.1.4)

Then the operator in equation (1.1.2) and (1.1.3) take the compact forms

in terms of speed and scale densities:

or-sly (). w- () s

The ordinary differential equation

Gro(z) = sp(z), seC,zeD (1.1.6)

allows two linearly independent (fundamental) solutions ¢} (z) and ¢ (z),
for Re(s) > 0 and subject to appropriate boundary conditions. For positive
value p (i.e. p = Re(s) > 0), the fundamental solutions ¢ (z) and ¢ () are
strictly increasing and decreasing, respectively (see Borodin and Salminen
- 2000, Karlin and Talylor 1981). The boundary points {l,r}, the diffusions
(X4)i>0, can be either regular, natural, entrance or exit (see Linetsky 2004).
For regular boundaries, the diffusions (X;)¢0, are either killing (or absorb-
ing) upon hitting the boundaries points or instantaneous reflecting. For
instantaneous reflection boundaries, the boundaries points are included in

the state space. On the other hand, for the other types of boundaries, the
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endpoints are excluded from the state space. In this thesis we only consider
the regular killing boundary conditions. The fundamental solutions ¢ (x)

satisfy the homogeneous endpoints regular killing boundary conditions:

+
lim #5 (@) =o00 and lim —=
Tor (p;(.’l}) a—lt Y, (CC)

=0 (1.1.7)

The Wronskian of fundamental solutions can be computed as:

- -, d d , _
Wles, 971(@) = 95 (@) (¢5 (@) — 93 (2) - (5 (2)) = wes(z) (1.1.8)
where w, is a constant with respect to z.
First note that the operator £ := —@G, where L is a Sturm-Liouville

operator, and hence equation (1.1.6) can be written as

Lap(z) = Mp() (1.1.9)

where we set A = —s. The linear independent solution set becomes ¢, ()
on the space L?(m, (I,7)).

Consider the Green’s function G(z, xg, s) for finding the transition prob-
ability density u(z,zo,t) for the X-diffusion with homogenous boundary
conditions. The Green’s function G(z, o, s) is defined by the Laplace trans-

form
G(z, xg, s) = Llu(z, zo,t)](s) = / e~ 'u(z, zo,t)dt, s€ C  (1.1.10)
0

The transition probability density u(z, zo,t) satisfies the same homoge-
nous boundary conditions as G(z, o, s), and is obtained by the following

inverse Laplace transformation:

u(z,xo,t) = L7 [G(z, z0o, 5)](t) (1.1.11)
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From Sturm-Liouville theory, the spectral expansion of a transition den-
sity fall into three main categories (see Campolieti 2008, Davydov and
Linetsky), spectral category I, spectral category II, spectral category III.
Throughout this thesis we only need to consider spectral category I, i.e. the
spectrum is simple, nonnegative and purely discrete. This corresponds to
the case where G(z, o, s) has simple poles at s = ~\,,n = 1,2,--- ,00.
These form countably infinite set {A,}32, with an increasing unique se-
quence 0 < A\ < Ag < A3 < ---, with A, — 00 as n — o00. Therefore, the
Green’s function G(z, zg, s) takes on the form of spectral expansion

G(z,zo, A = = m(x) Z ¢"(:+¢;(x0 (1.1.12)

where ¢, () are the eigenfunctions corresponding to A,. These satisfy
Lodn(z) = Mdn(z), n=1,2,--- (1.1.13)
and form a complete orthonormal basis with inner product:
b
(d’n(w)ad’m(l'))[a,b] :2/ M(Z)Pm(2)Pn(2)dT = dmn (1.1.14)

with speed density m(z) defined in equation (1.1.4).
The transition probability density u(z, zo,t), is obtained by taking the

inverse Laplace transform of equation (1.1.10) with Green’s function G(z, zo, s)

1

is given in equation (1.1.12). This leads to:

u(z, zo,t) = m(x) Z Gn(T) P (T0) L [s
n=1

(1.1.15)

o]

2) S €6, (2)n (o)

n=1
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In this thesis we are interested in diffusion processes with killing at two
arbitrary finite endpoints, £ = z; and ¢ = zgy (ie. X; € [z, zy] where
zr, < zg). The process with killing at a single arbitrary finite endpoint,
either upper £ = z g or lower z = 1, can be obtained by taking appropriate
limits, i.e. limg, ;4 for the process killed at z = zy and limg, . for
the process killed at © = z;. The transition probability density with two
barrier endpoints, z; and zg, is denoted by u(zx,xo, 21, zH,t). Hence, the
zero homogenous boundary conditions at two finite endpoints, z;, and zy,

imposed on a transition density u(z, zo,z1,Z,t) read as
u(zrL, o, L, ZTH,t) = w(Ty, o, 2L, TH,t) =0 (1.1.16)

By imposing homogenous boundary conditions on the transition proba-
bility density u(z, zo, zL, TH,t), the eigenfunctions ¢,(z) (corresponding to
eigenvalues \,) satisfy equation (1.1.13) with boundary condition ¢(zr) =
é(xx) = 0 and inner product in equation (1.1.14). This gives (see Campoli-
eti 2008)

f(xa TH; _)\n)
() = £ D 2H " An) 1.1.17
én(z) JAC ( )
where A, and C, are defined as follows:
A = £ 00)
w2 (1) (1.1.18)
1 d
Cn= @) dz (wes(x) f(xL, T3 8)) |o=—n
and a cylinder function f(z,zg; —M,) given as
f@,y; =) = o2, (@)l () — o2\, Wel,, (@) (1.1.19)

The eigenvalues )\, are the simple zeros solving f(zr,zg; —As) = 0.
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1.2, Squared Bessel Process

Suppose we have a regular one-dimensional squared Bessel diffusion pro-
cess (Xi)i>0 € D = (I,r) = (0,00) which obeys the stochastic differential
equation

dXt = aodt + 2\/ Xtth (121)

where o is a constant. Assume that the process X, starts at o € D and
we define 4 = /2 — 1 > 0. From equation (1.1.4) given in the previous

section, we obtain the speed and scale densities:

n

m(z) = % s(z) = g+ (1.2.2)

The fundamental solutions, ¢} (z) and ¢ (z) for s € C, to the homoge-

nous ordinary differential equation (1.1.9) are given as
¢t (@) = s L, (VIs3), 7 (a) = oK, (VEsa) (1.23)

The functions I,(z) and K,(z) are the first and second kind of modified
Bessel functions with order u, respectively (see Abramowitz and Stegun),
and satisfy a Wronskian relation as in (1.1.8) with wy = 1/2. Using the
small and large argument asymptotics of the modified Bessel functions I,,(z)
and K,,(z), we readily show that ¢¥(z) satisfy the boundary conditions in
(1.1.7). Note that, at the boundary point [ = 0, the squared Bessel process
has entrance for p > 0, exit for 4 < —1 and regular killing for u € (—1,0).
Similarly, at the boundary r = oo, the process is attracting for 1 > 0. In
this thesis we only consider the case where u > 0.

From equation (1.1.15) and the speed density m(z) defined in equation

(1.1.4), we obtain an exact double-barrier transition density, u(z, zo, £, Ta, ),
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with lower level z; > 0 and upper level zg < 0o of a squared Bessel dif-
fusion process. That is, the transition probability density for the squared

Bessel process with killing at both endpoints z; < zp is:

u(:v, X0, T, TH, t) = m(l') Z e_)‘"tgbn(l')(bn(l‘o)
n=1

= (%ﬂ) ge"’\;‘tcbn(w)ﬁbn(wO)

The eigenfunctions ¢,(x) are obtained via equations (1.1.17), (1.1.18),

(1.2.4)

(1.1.19) and (1.2.3). Upon using the identities I,,(iz) = i*J,(z) and K, (iz) =
iH(m[2)[Y,(z) — iJ,(x)), for z € R gives

Pn(@) = Nog #2 f (2, 3L, An) (1.2.5)

Here we define a normalization constant N, and a Bessel cylinder function

fu(-’l?, Y, \n), as follows

5@, 9, 20) = [TV D) YV 2ha) = Yl PAa) I (V2Ne3)

v ™ (1.2.6)
No =1 m - 1]

The functions J,,(z) and Y,(z) are the ordinary Bessel functions of the

first and second kind with order pz > 0. The corresponding eigenvalues A,

are the positive simple zeros of the cylinder functions
fu@r, za, M) =0, n=1,2,--- ;00 (1.2.7)

Using the asymptotic forms J,(z) ~ /2/nzcos(z — um/2 — n/4) and
Y.(z) ~ \/2/7zsin(z — pn/2 — 7 /4) for a cylinder function fu(zr,TxH, An)
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as A, — 00, gives

szg) Yt
fulansan2) o O G (3B~ VB, 2 o0 (128)

Hence, the eigenvalues A, can be approximated as

n?n?
An ™~ 2p = , n=12--- 00 1.2.9
2(\/1' - ,/J)L)z ( )

Note that we use z, as an initial guess in obtaining numerically exact

values of \,. The exact values of ), were obtained using the Matlab built-in
fzero function.

Similarly, the squared Bessel diffusion with killing at a single upper
barrier zg (i.e. (Xt)e0 € (0,zg]) falls in the spectral category I (i.e. simple,
nonnegative and purely discrete spectrum). The closed-form upper barrier
transition probability density, denoted by u(zx, %o, zy,t), takes on the form
of equation (1.1.15) with normalized eigenfunctions (see Campolieti 2008)

_ 2], (V2az)
B v/ .’L‘H/2J,‘+1 (\/ 2)\n-'l7H)

An accurate initial guess for the eigenvalues A, follows from the asymptotic

¢n()

(1.2.10)

form for J,(z) as z — o0, i.e. the simple zeros solving J,(v2 zg) = 0 are

approximated as

An ~ 21:_,,, (2n + p) — 1/2) (1.2.11)

Another approach for computing single barrier transition densities fol-
lows by taking limits as x; approaches zero (for single upper barrier zg)
or as £y approaches infinity (for single lower barrier ;) within the double-
barrier transition density. In chapter 4, we will develop single barrier pricing

formulas for the drifted Bessel-K family by using such a limiting approach.
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This limiting approach is particularly useful for the case of the single lower

barrier problem which has a purely continuous positive spectrum.






CHAPTER 2
Spectral Expansions for Transformed F-Diffusions

2.1. Canonical Transformation Methodology

In this section, we derive families of new diffusions (i.e. so-called F-
diffusions) which are obtained via the diffusion canonical transformation
methodology (see Albanese and Campolieti 2005, Campolieti and Makarov
2006, Campolieti 2008). One of the basic ideas is to consider the so-called
X-diffusions where the transition densities can be solved analytically by a
Green’s function technique. Then, the pricing kernels (transition probability
densities) of F-diffusions are related to those of the X-diffusions.

Consider a one-dimensional time-homogenous regular diffusion process

(X)) € (I, 7) with a parameter p > 0, defined by the generator

GO f(z) = %Vz(x)g—a—{;(f—) + (a(w) + V2(:1:)ZI((;E” ;’;) df;&;’“’) (2.1.1)

where @'(z,p) = éﬁ—&?’l and 4(z,p) is defined in (2.1.3). a(z) and v(x)
are the drift and diffusion coefficients of the X-diffusion given in equation
(1.1.1). The X®_diffusions can be viewed as satisfying the stochastic dif-

ferential equation

dX® = o (XP)dt + v (X)W, (2.1.2)

15
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where o(P)(z) = a(z) + 1/2(313)‘;“.JI(;‘%F’,’)2 and v®(z) := v(z). The transfor-
mations from X; to Xt(p ) processes are described in much more detail in
Campolieti and Makarov 2006, 2008, Campolieti 2008.

For real values s = p > 0, the homogenous ordinary differential equation

(1.1.6) admits a set of linearly independent solutions, ¢ () and ¢; (z). We

define a generating function 4(x, p) as

Wz, p) = qpy () + gy, (z) (2.1.3)

where ¢y, g» are parameters and at least one of them is assumed to be strictly
positive.
The transition probability density function of an X (¥)-diffusion, denoted

by u®)(z, o, t), is related to that of the X-diffusion:

w30, 1) = e LEPL 0oy (2.1.4)

’ll(:l,‘o, p)

The speed and scale densities of the X()-diffusion are defined as

m®(z) .= @*(z, p)m(z), sP(z):= ﬁ:((j’)p) (2.1.5)

Now consider a (new) one-dimensional regular F-diffusion (F;);>¢ defined
via a strictly monotonic mapping of an X (?)-diffusion, i.e. F; = F(Xt(p )). The
diffusion process has regular state space (Fy)i>0 € D = (FO, F™), where
F® = min{F(I+),F(r-)} and F™ = max{F(l+), F(r—)} are left and right
endpoints of 23, respectively. Throughout we assume that the mapping
F = F(z) is continuous and twice differentiable for all z in D = ({,r) and

that the process (Fy)s»o obeys the stochastic differential equation

dF, = 0F,dt + o(F,)dW,, Fo = F, (2.1.6)
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where (W;):>0 is a standard Brownian motion and  is a constant.
As discussed in Albanese et al. 2001, Albanese and Campolieti 2005,
Campolieti and Makarov 2006, Campolieti 2008, the diffusion canonical

transformation methodology gives

dX | v(z)
= ia(F) (2.1.7)
and a volatility function
o(F) = (z) V(@2 +6), iz, p)]] (2.1.8)

[i(=, p))?
where z = X(F') := F~}(F) is an inverse mapping of F = F(z), as follows
by equation (2.1.7) and 4(z, p) is given in (2.1.3). The signs =+ in equation
(2.1.7) permit two possible maps. A negative sign (—) gives a monotonically
decreasing map and a positive sign (+) provides a monotonically increasing

map. For p+ 6 > 0, we define o(z, p + ) as
o(z, p+0) = [c19],9(2) + C200,,4(2)] (2.1.9)

where ¢) and c; are real constants, and one of them is assumed to be strictly
nonzero.

Now, using the relationship between equations (2.1.7) and (2.1.8), we
achieve the mapping F = F(z)

F(z) = c19,40(%) + C20,49()
a1e} () + gy, (2)

(2.1.10)

where ¢; and ¢;, for i = 1,2, are real parameters. By choosing appropriate
values of parameters ¢; and ¢; in equation (2.1.10), the mapping yields

different families of F-diffusions. That is, setting ¢ = c2 = 0,¢2 = 1,¢; =




18 2. SPECTRAL EXPANSIONS FOR TRANSFORMED F-DIFFUSIONS

a > 0, F = F(z) gives a monotonically increasing map, and similarly, setting
@1 =1,¢2=c1 =0,c0 =a >0 F = F(z) leads to a monotonically decreasing
map. Two (dual) families of diffusions arise as follows:

(1) Monotonically increasing maps and volatility function:
Wes (), ot
° O_(F) — al/(:l)) [Sop—(x) ;Op-}-e(x)] , a > 0
[v; (z)]

‘P:+9 (z)
@, ()
* i(z,p) = ¢, (z)

o F(z)=a

(2) Monotonically decreasing map and volatility function:
. o(F) = L OWIe,40(2), 07 ()]

wrwp 0 ¢

‘P;+e(-'17)
e (z)
o i(z,p) = ¢} (2)

e F(z)=a

The transition probability density of an F-diffusion, denoted by U(F, Fy, t),
is related to that of an X (¥)-diffusion (or X-diffusion) as

U(F, Fo,t) = [X'(F)[u?(X(F), X(Fy), 1)

! (2.1.11)
_ v(X(F)) 4X(F), p) _—y
= o) wX(F),p)° | XE) X))

The transition densities of the F-diffusions with killing, at either single

or double barrier(s), are obtained by directly substituting either a single or

a double barrier transition density u(z, zg,t) for the underlying X -diffusion.

2.2. First Hitting Time

The main objective of this thesis is to develop barrier pricing formulas
for the stock price process modeled by the new F-diffusions. For this reason,
it is important to introduce the first hitting time concept, i.e. the first time

that the process F; crosses a particular barrier either from below or above.
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In what follows we shall only consider F-diffusions on the regular state space
D = (FO, F?) = (0, ).

Consider the F-diffusions defined in (2.1.6) with killing at any real value

b € (0,00). We denote the first hitting time of the process F; at level b,

either from above or below, by 7;, and it is defined by
7, =inf {t > O|F; = b, Fy € (0,00)} . (2.2.1)

Also, we consider the process F{*®); the F-diffusions defined in (2.1.6)
with Killing at two barriers, upper barrier H < oo and lower barrier L > 0.
We assume that the process starts at Fy € [L, H]. We denote the first
hitting time for reaching the lower barrier L and the first hitting time for
reaching the upper barrier H by 7, and 7y, respectively. We hence define
71, and Ty as follows:

7 = inf{t > O|F, = L, Fy € [L, H}}
(2.2.2)
Ty = inf{t > 0|F, = H,F, € [L, H|}

If an F-diffusion hits either L or H, then it is absorbed (or killed) and
sent to the so-called cemetary state o. If F; € (L, H), (i.e. 71,7y < t), we
have F§L’H) = F;. We can rewrite the process FgL’H), killed at both barrier

levels L and H in the compact form:

o, iftporTmy <t
FiEH - (2.2.3)
Ft, ifTL,TH>t.
The process with a single absorbing barrier can be obtained by a limiting

approach. That is, taking the limit L — 0% of F§L’H) gives a F-diffusion

with a single killing upper barrier at H, and limit H — oo of FgL’H) leads
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to a F-diffusion with imposed killing at lower level L. The barrier-free case
arises when L — 0% and H — oo.

For the purpose of pricing barrier options, to follow in chapter three, we
define 77 (H), the first hitting time down of the process F; for barrier level L
conditional on the process reaching L before level H, given that the process
starts at Fo = Fy € (L, H) (see figure 2.2.1). Similarly, we define 7 (L) as
the first hitting time up at H before hitting level L, given that the process
starts at Fo = Fy € (L, H). Hence, 77 (H) and 77(L) are defined as:

77 (H) = inf{t > 0|F, = L, M, < H,Fy € (L, H)}
(2.2.4)
TH4(L) = inf{t > 0|F; = H,m; > L,Fy € (L,H)}
where M; and m; are defined to be the realized maximum and minimum of
the process up to time :

M;= sup Fy, my= ogéfgt F, (2.2.5)

0<s<t
Therefore, from equations (2.2.2) and (2.2.4), for Fy € (L, H), we have
the following probability relations
IP{’TL <TH,TL < t} = IP{TZ(H) < t} (226)

and

P{ry < 1o, <t} =P{r(L) < t} (2.2.7)
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Figure 2.2.1: Typical paths depicting first hitting times.

2.3. Drifted Bessel Family of F-Diffusions

In this section we develop new families of F-diffusions satisfying equa-
tion (2.1.6), where the underlying diffusion X; is a squared Bessel process
satisfying equation (1.2.1).

By directly substituting #(z, p+6) into equation (2.1.10), with 0 defined
in equation (2.1.9), with 4(z, p) given in equation (2.1.3) and the fundamen-
tal solutions goff (z) given in equation (1.2.3), we obtain the general form for
the Bessel mapping F' = F(z), i.e.

Flz) = al(V2(p +0)z) + caKu(1/2(p + 0)z) (23.1)
a1 l.(v2pz) + 2 K. (v/2pz) o

The general form for the volatility function is

[Wlc1py,4(2) + ca,10(2), oy (2) + @200, (3)]]

o(F) = v(z) [nef () + g5 (2)]?

(2.3.2)
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where ¢ (x) are given in equation (1.2.3). The mapping ¢ = X(F) :=
F~1(F) is the unique inverse given by inverting equation (231) Note that,
in equations (2.3.1) and (2.3.2), the parameters ¢; and ¢; for i = 1,2, are
real nonnegative parameters such that either ¢ > 0 or go > 0 and either
¢ >0orc >0.

Equation (2.3.2) gives a general form for the volatility function o(F)
for all families of drifted Bessel diffusions. By setting the appropriate pa-
rameters ¢; and g;, this reduces to different subfamilies. That isl, setting
@1 =0,92 =1,¢; = a > 0 and ¢o = 0 gives the so-called (four-parameter)
Bessel K-subfamily. Similarly, setting g = 0,q; = 1,c, =a>0and ¢; =0
gives the so-called (four-parameter) Bessel J-subfamily.

The (dual) drifted Bessel I- and K-subfamilies are characterized as fol-
lows.

(1) Monotonically increasing map, Bessel K-subfamily:
'awv:¢$mmu@m+_2m+mum¢%ﬂﬁﬁ>
F - 2K, 2L,(y/20 + 0)2)

/2 + O)z) (2.3.3)
| F@ = ¢

\ a(z, p) = 2K ,(1/2px)

(2) Monotonically decreasing map, Bessel I-subfamily:

(o(F) _ v2Lin(v207) , V2o + O Kus(v2(0 + 0)2)

F 2In(\/2‘715) 2K, (v/2(p + 0)z)

\ Fo) = el 2o+ 0)2)
L(V2pz)

|z, p) = z7H/21,(v/2pz)

(2.3.4)

a>0
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The four adjustable parameters are p, 8, a, 4 such that p, p + 8, a, u are all
strictly positive. In both cases, z = X(F') where X = F~! is given by the

respective inverse map.

Local Volatility
0.8 T LA M T T T : . .
\ F T R n=0.1,a=626.0725
o7l T - — - §=0.2,a=672.8989 | |
\\ . p=0.5,a=728.7468
6l Voo 1000
0 \ F°-100p-0.00001
v 6=0.25, 6=0.02
0.5 Voo
o(F)/F \\
04} o
AN 3
. N
| N N
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Figure 2.3.1: Typical local volatility curves for the Bessel K-subfamily.

Figure 2.3.1 displays typical local volatility curves, o(F')/F versus F, for
the Bessel K-subfamily with fixed values r(= 0),p,0 = o(Fp)/Fo = 0.25
for Fy = 100, and various choices of parameters (u, a). The parameters have
been chosen such that the volatility function o(F)/F has a fixed value of
0.25 at F' = 100. In contrast, Figure 2.3.2 shows local volatility functions
for the Bessel I-subfamily with various choices of values (u,a), where § =
0.02(=r1),p = 0.0125, 0 := o(Fp)/Fo = 0.25 for Fy = 2. In both Figures, the
model parameters have been chosen such that the local volatility function
o(F)/F has a fixed value at some spot value F' = Fj. It is apparent that

the Bessel-K model exhibits a pronounced leverage effect at smaller values
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Local Volatility
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Figure 2.3.2: Typical local volatility curves for the Bessel I-subfamily.

of the asset price F'. The relative steepness of the curves can be controlled

by adjusting the model parameters.

2.4. Transition Density for Drifted Bessel-K Family

In this section we present the transition probability density for the Bessel
K-subfamily of F-diffusions with killing at two barriers. We denote this
transition density by U(F, Fy, L, H,t), where L > 0 and H < oo are lower
and upper barriers, respectively.

The transition density is obtained by substituting the generating func-
tion, 4(z, p) in (2.3.3), and the (double-barrier) transition density into equa-
tion (2.1.11). This gives an exact closed-form spectral expansion for the
transition density:

U(Fa FO’ La H’ t) = IX,(F)I%E\/Z—‘”‘"\/% Z e—(p+/\")t/\/zf“(l'o, xr, An)f“(l', zr, An)
n=1

(2.4.1)
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where |X'(F)| = v(z)/o(F) = 2y/z/o(F),z; = X(L),zg = X(H),zo =
X(Fp),z = X(F') via equation (2.3.3). The normalization constant N, and
the cylinder function f,(z,y, \,) are given by equation (1.2.6). The end-
points z;, and =y are uniquely given by inverting

—_7 _ IM(V 2(p+0)zL)
F(zr)=L=a ,
K,.(V2pz1)

F(z )=H= aI#(V 2(.0‘"0)1'H)
o T K (V2pea)

Since F(z) is a Bessel-K map (i.e. monotonically increasing), then for all

(2.4.2)

values z and z in [z, zy] we have F, Fy € [L, H].

U(F.FO,L,H,t) Vs.F

35 —
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Figure 2.4.1: Rapid convergence of series in (2.4.1).

Figure 2.4.1 shows plots of the computed series in (2.4.1) using N =
2,4,8,12,20 number of terms in the sum, where Fy = 100,L = 80, H =
110, = 0.02,a = 626,z = 0.1,p = 0.0001,¢ = 0.0l. As shown in
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Figure 2.4.2: Converged p.d.f.s.

the figure, equation (2.4.1) gives a rapidly convergent series expansion for
U(F, Fy, L, H,t).

Figure 2.4.2 shows the (converged) transition densities U(F, Fy, L, H,t)
with different values of ¢t and fixed parameters Fy = IOO,L = 80,H =
110,80 = 0.02,a = 626, = 0.1 and p = 0.0001.

Single-barrier transition probability densities, for either upper or lower
barrier, are obtained by a similar direct substitufion as in the double-barrier
case, i.e. substitute %(z, p), defined in equation (2.3.3), and a probability
density u(z, o, z, t) (for lower barrier) or u(x, zo, za,t) (for upper barrier)
into equation (2.1.11). On the other hand, we can obtain single-barrier
densities by a limiting approach. That is, taking L — 0+ of the double
barrier p.d.f, U(F, Fy, L, H,t), leads to an upper barrier p.d.f. and the limit

H — oo of U(F, Fy, L, H,t) gives the single lower barrier transition p.d.f.
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Similarly, the transition probability densities of a four-parameter Bessel
I-subfamily, can be achieved by directly substituting equation (2.3.4) into
(2.1.11). In this thesis we only consider the Bessel K-subfamily. The main
reason for this is that the ”discounted” process (e %F;)i>0 € (0,00) is a
martingale for all choices of parameters, which is crucial for applications
in arbitrage-free option pricing. On the other hand, the Bessel /-subfamily
of discounted process on (0,00) are strict supermartingales. For detailed
analysis of properties of these processes see Campolieti G. and Makarov R.,

2006; 2008.






CHAPTER 3

Pricing Formulas For F-Diffusions

In this chapter, we derive analytical pricing formulas for European bar-
rier options under the drifted Bessel K-family of diffusions. A barrier option
is a type of option contract where the option value depends on whether the
underlying asset crosses a given barrier level, either from above or below.
In what follows we deal explicitly with knock-out barriers. The pricing of
the corresponding knock-in barrier options followé immediately by knock-
in/knock-out symmetry.

Suppose the price of an asset (e.g. a stock) at calendar time ¢ is given

by the process (F:):>0 and hence obeys the stochastic differential equation
dFt = TFtdt -+ O'(Ft)th, F() = FO (303)

where F; is a drifted Bessel-K diffusion with volatility in (2.3.3). W; is a
standard Brownian motion within an assumed risk-neutral measure where
(€™™F¢)>0 is a martingale.

To simplify notation, and without loss in generality, we set current time

as t = 0. Throughout we will use the following representations:

e T > (0 represents the time to maturity.

e Fr represents the underlying asset price at maturity time 7'
e Fp represents the current (spot) price of the underlying asset.
e K > 0 represents the strike or exercise price.

e 7 represents the continuously compounded annual interest rate.
29
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e L > 0 represents the lower barrier.

e H > L represents the upper barrier.

Recall the payoff of a standard European option, denoted by A(Fr),
given as

A(Fr) = max[(Fr — K),0] = (Fr — K)*, for call option; (3.0.4)

max[(K — Fr),0] = (K — Fr)*, for put option.
We denote a double-barrier payoff function by AH) where L and H are
lower and upper barriers, respectively. We assume A(-) € L*(S,m,), where
S is the regular state space of the F-diffusion.

Now, consider the possibilities that the process F; might cross lower
barrier L or upper barrier H. That is, if F; crosses level L, the option
contract is knocked-out (i.e. canceled and has zero value). Similarly, if the
process F; reaches an upper barrier H, the option contract is knocked-out,
and hence, in either case the payoff A(LH)(Fr) = 0. Otherwise, the process
Fr € (L, H) (i.e. 71,74 > T) and the double-barrier payoff ALH) (Fr) =
A(Fr), as shown in Figure 3.0.1. Therefore, we define a double-barrier

payoff, ALH) | as follows:

0, 7, LT or 1y < T
AEH)(Fr) = t f (3.0.5)
A(FT), TL,TH >T;

Similarly, we denote the upper barrier knock-out payoff function by AUD.
If the process F; crosses an upper barrier H (g < T'), then the option
contract is knocked-out. This means that the payoff AUD(Fr) = 0. On the
other hand, if the process F; reaches 0 (or T' > 75), we have two possible

cases. Case one: for a call payoff, AUD(Fr) = A(0) = (0 — K)* = 0. Case
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Figure 3.0.1: Typical double barrier payoff ( note t = T).

two: for a put payoff, A)(Fr) = A(0) = (K — 0)* = K. The payoffs for

the different possible scenarios are depicted in Figure 3.0.1. Therefore we

define A¥)(Fr) as

A(H)(FT) = {

\

Note that the above

K, for put;
y To < T,710 < Thj
0, for call.
(3.0.6)
A(Fr), 70,7H > T}

07 T < T, TH < To-

put payoff points to yet another important difference

between the Bessel-K model and the standard GBM model of Black-Scholes

theory. When asset prices are assumed to obey the GBM process then

no default scenarios are possible since the origin is a natural boundary

and is hence not attainable in finite time. In contrast, if asset prices are

modeled according to the drifted Bessel-K diffusion then the origin is an exit

boundary (i.e. attainable). In this case we tacitly assume the process stays

at zero. The latter gives an asset pricing model that admits the possibility

of default and, within the default scenario, the asset price hits zero in finite

time with put payoff having maximal nonzero value of K.




32 3. PRICING FORMULAS FOR F-DIFFUSIONS
For a single lower barrier the payoff is denoted by A, If F, hits a lower
barrier L (7, < T'), the option contract is knocked-out and hence the payoff
is AY(F,) = 0 and if 7;, > T the payoff is AY(Fr) = A(F7). Therefore
A(FT), TL > T,

AP (Fp) = (3.0.7)
0, TL S T.

The double-barrier pricing formulas for F-diffusions can be obtained via
the risk-neutral probability measure, denoted by P, with probability density
function U(F, Fy, L, H,t). In particular, the present value of the double-
barrier option is given by the conditional expectation of the discounted

payoft under the P-measure:
VPB(F, R, T) = e ™E [ANH)(Fr)|Fo=F] = (3.0.8)

We note that the discounted asset price process, modeled as a drifted Bessel-
K process With 0 = r, where r is the constant interest rate, is a P-martingale.
The single knock-out barrier pricing formulas, either upper or lower, are
achieved by replacing A& with A or A%) in equation (3.0.8). Another
method for obtaining the single-barrier pricing formulas is by using the
limiting approach. That is, letting L — 0+ in (3.0.8) leads to an upper
barrier pricing formula. Similarly, limg_,., VPB(F, Fy,t) gives a single lower
barrier pricing formula. Later in this chapter, we use this method to derive
up-and-out and down-and-out call, and up-and-out put pricing formulas.
Before we derive the European double barrier (i.e. double knock-out)
pricing formulas using equation (3.0.8), it is convenient if we first compute
a cumulative transition distribution, denoted by ®(F, Fp,t), and a related

cumulative transition distribution, denoted as ®(F, Fy, t).
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From the transition probability density, U(F, Fy, L, H,t), given in equa-
tion (2.4.1), we define a cumulative probability distribution by

F
O(F, Fy,t) = / U(F, Fy, L, H,t)dF, (3.0.9)
L

F,Fy € [L, H]. This integral is readily computed by changing integration
variable from F to z. This can be done by the map F = F(z), with inverse

z = X(F), dF = F(z)dz, |F'(z)| = v(z)/o(F), giving
X(F)
B(F, Fy, 1) = / IF'(2)|[U(F(z), Fo, L, H, t)dz (3.0.10)
X(L)

Now, we substitute U(F, Fy, L, H, t), given in equation (2.4.1), into equa-
tion (3.0.10) and simplify giving the spectral expansion
‘I)(F Fo t) = 1/2 ie p+A")tN f Lo, XL, A )\I’ ((E) (30 11)
) ) 2/)(170 m ) ) n,p ) e

n=1

where z7, = X(L), 2o = X(Fp),z = X(F) and X = F~! is the inverse map for
the Bessel-K defined in (2.3.3). Throughout we define ¥, , as

U, o(2) = Ny, / : K,(v/2pz) fu(z, X(L), An)dz (3.0.12)
X(L)

The integral in (3.0.12) can be evaluated in closed-form as follows. Using
the cylinder function f,(z,zr, A,) of equation (1.2.6) and changing integra-

tion variable we have
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X(F)
¥ (X(F) =N, [ o Bl R (V)
- Yu(V2 ) Ju(V 22,2))dz
VX(F)
=N, J, (V2 L) /\/ﬁ K, (\/2p2)Y,,(v/2Mnz)dz

V/X(F)
— 2N, Y. (V2 L) /\/@ K, (1/2px) J (v 2Mnx)dz
(3.0.13)

The last two integrals on the right can be computed by using the fol-

lowing indefinite integral identities (valid within an arbitrary constant):

/ 1Y, (az)K, (br)ds = (0Y,41(a2) K, (b2) — bY () K 11 (b)]

T
a? + b?

/J;J#(ax)K#(bx)dx = aip [ad,+1(az) K, (bz) — bJ,(az) K41 (bz)]

Hence, after some algebra, equation (3.0.13) simplifies to

‘I/n,p(x) = PESW [— 2)‘nxKu(\/%) 511('7")

(3.0.14)
— P2 B0 K (V/3E) () + SN (/202

where z = X(F), z;, = X(L) and ?q;n(x) is given by an associated cylinder

function

In(z) = N, [n(\/2/\na:L)J#+1(\/2/\nx) — Jp(\/2AnxL))’,£+1(\/2)\nx)]
(3.0.15)

Figure 3.0.2 contains plots of partial sums using (3.0.11) for ®(F, Fy,t)
with fixed values Fy = 100, L = 80, H = 110,7 = 0.02,a =626, = 0.1,p =
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Figure 3.0.3: converged c.d.f.s.

0.00001,¢ = 0.01. We see that the spectral expansion in (3.0.11) is rapidly

convergent as more terms are added to the series. The five different curves
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correspond to the series sum in the first N = 2,4,8,12 and 20 terms of the
series in (3.0.11).

Figure 3.0.3 gives plots of numerically (converged) cumulative distribu-
tions in (3.0.11) with different values ¢t = 0.01,0.05,0.1 and fixed parameters
Fy =100,L =80, H =110, = 0.02,a = 626, x = 0.1 and p = 0.00001.

Similarly, the related cumulative distribution ®(F, Fy,t) is defined as

_ X(F)
B(F, Fo,t) = /X ) IF@IUEG), R L, H )R )z (3.0.16)

The analogue to equation (3.0.11) is

— 2 > —
UEFot) = K—(a\///)r—%) > e EPIN ful@o, 71, M) T pl@),  (3.017)

n=1

where ¥, , is defined as:
Tope) = Mo | L)) 0,21, M) (3018)
zy

Using the cylinder function f,(z,zr, As) in equation (1.2.6) we have

X(

_ VX(F)
T, ,(X(F)) = 2N (v/ 2 /\/ﬁ 2 L(\/20 F MY (V2mz)de

—2NLY, (V22X L) /\/\/j? I, (\/2(p + r)z)J (V2 ) d2

X(L
(3.0.19)
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Similarly, we compute the integrals in equation (3.0.19) above by using

the indefinite integral identities (valid within an arbitrary constant):

X

/qu(ax)Iu(bw)da: = 5TF [bY,41(ax) 1, (bz) + aY,(ax) ], 41 (bz)]

/a:Ju(ax)Iu(ba:)da: = a—2f_—b—2 lad,1(az) ], (bx) + bJ,(az) ]y (b))

After simplification, the integrals in equation (3.0.19) reduce to the fol-

lowing compact form:

Toslo) = 5y | - VPRI T F T2)a)
+ gh/? \/2(p + r)a:Iu+1(\/2(p +7)z)dn(z) + %anu(\/2(p + r)a:L):|

(3.0.20)

where ¢ = X(F),zr, = X(L),zq = X(F}) are given by the inverse mapping
for the Bessel K-subfamily defined in equation (2.3.3). 5(:3) is given in
(3.0.15).

Figure 3.0.4 contains typical plots of partial sums using (3.0.17), where
the parameters Fy = 100,L = 80, H = 110,r = 0.02,a = 626, = 0.1,p =
0.00001, ¢ = 0.01. Uniform rapid convergence is observed as more terms are
added (i.e. N =2,4,8,12,20) in the series in (3.0.17).

Figure 3.0.5 displays some numerically plots of ®(F, Fy, t) given by equa-
tion (3.0.17) with constant parameters Fy = 100,L = 80,H = 110,r =
0.02,a = 626, = 0.1, p = 0.00001 and various times ¢ = 0.01,0.05,0.1.
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3.1. European Barrier Call Options

In this section, we derive pricing formulas for European barrier call op-
tions where the underlying asset follows a drifted Bessel-K process. The
derivations include double knock-out, down-and-out and up-and-out call
options. The derivations follow by the risk-neutral pricing formula, given
in (3.0.8). In what follows, we introduce the indicator set function, 14(w),
where 14(w) is 1 for all w € A C Fr and 0 otherwise. We implement
the usual formalism of a filtered probability space whereby (Ft)o << 18 the
natural filtration generated by the asset price diffusion process (Fy)o<i<7.

The first hitting times 77, and 75 are defined in (2.2.2).

3.1.1. Double-Knock-Out Call. We now derive a double knock-out
European call option value, denoted by C(L, H, Fy, K,T), where L and H
are lower and upper barrier levels, respectively. A double knock-out payoft
function, AU is given in equation (3.0.5). Hence, it follows from the
risk-neutral pricing formula (equation (3.0.8)) and equations (3.0.4), (3.0.5)

that the double knock-out call with time-to-maturity T has present value
C(L, H, Fo, K,T) = ¢ TE [(Fr — K) Lirysm >y |Fo = Fo]  (3.1.1)

For L < K < H, the double knock-out call option value C(L, H, Fy, K, T)

is hence given by the integral over the (risk-neutral) transition p.d.f. for the
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asset price process killed at both barriers:

H
C(L,H,Fy,K,T) =¢7'T / U(F, Fy,L,H,T)(F — K)*dF
L .

where U(F, Fy, L, H,T) is given in equation (2.4.1). Using the definition
of ®(F, Fy,t), with spectral expansion given in (3.0.11), and of ®(F, Fy, t)
given by (3.0.17), the European double knock-out call option has value

C(L,H,Fy, K,T) = e "[®(H, Fy,,T) — ®(K, Fy, T)]

Numerical results for the valuation of double knock-out using (3.1.3) are

3. PRICING FORMULAS FOR F-DIFFUSIONS

H
=e T / U(F,Fy,L,H,T)FdF
K

H
—Ke T / U(F,Fy,L,H,T)dF
K

—e"TK [®(H, Fo, T) — ®(K, Fy, T))

presented in Figures (3.1.1)-(3.1.4).
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Figure 3.1.1: Rapid convergence of double knock-out call series expansion.
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Figure 3.1.1 shows plots of partial sums for the series in (3.1.3) for the
double knock-out European call option value as function of spot price Fp,
with fixed parameters L = 80, H = 110, = 0.02, p = 0.00001, x = 0.1,a =
626, = 0.01 and K = 100. As shown, the double knock-out call series
converges rapidly as more terms are included. The five distinct curves rep-
;esent the series sum in the first N = 2,4,8,12 and 20 terms in the spectral

expansion of C(L, H, Fy, K, T).
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Figure 3.1.2: Converged double knock-out call.

Figure 3.1.2 shows plots (converged) of the double knock-out European
call option values, with different choices of strike prices K and fixed param-
eters L = 80, H = 110,r = 0.02,p = 0.0001,x = 0.1,a = 626,7 = 0.01.
As displayed in the figure, we notice that, as strike price K increases, the
option price values are shifted to the right. This is consistent with a greater

probability for paths having terminal values Fr > K as Fj increases.
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Figure 3.1.3: Converged double knock-out call option value.

Figure 3.1.3 gives plots of the double knock-out call value C(L, H, Fy, K, T')
as a function of spot Fy, with different time to maturities 7" and fixed pa-
rameters L = 20, H = 110,r = 0.02, p = 0.0001, z = 0.1,e¢ = 626, K = 100.

Converged plots of C(L, H, Fy, K, T) are presented in Figure (3.1.4) with
fixed L = 80, H = 110,r = 0.02, p = 0.0001,7T = 0.03, K = 100 and various
choices of (p,a) in the Bessel-K family. Note that the family with u =
0.1 corresponds to the local volatility with greatest steepness and highest

leverage effect for a given spot price Fy.
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Figure 3.1.4: Converged double knock-out call value.
For strike price K below both barriers (i.e. K < L < H), the European
double knock-out call option value, C(L, H, Fy, K, T), is given by
H
C(L,H,Fy,K,T) = e"T/ U(F,Fy,L,H,T)(F — K)dF
L
H
= e"T/ U(F,Fy,L,H,T)FdF (3.1.4)
L
H
—e " TK / U(F,Fy,L,H,T)dF
L

with U(F, Fy, L, H, T) given in equation (2.4.1). Using ®(F, Fy,t), given in .

(3.0.11), and the related cumulative density, ®(F, Fo,t), given in (3.0.17),

equation (3.1.4) leads to the following result:
C(L,H, Fy, K,T) = e~ "T[8(H, F,T) — K®(H, Fy, T)] (3.1.5)

Figure 3.1.5 gives plots of the double knock-out call value C(L, H, Fy, K, T)

(using equation (3.1.5)), as function of spot Fy with fixed parameters L =
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Figure 3.1.5: Convergence of spectral expansion for double knock-out call.

80, H = 110,r = 0.02,¢ = 626, = 0.01,p = 0.0001,K = 70,7 = 0.01.
This figure shows the rapid convergence of the double knock-out call value
C(L, H, Fy, K, T), as more terms are included in the series sum in equation
(3.1.5). The four distinct graphs correspond to the first 2, 8,12 and 20 terms
in the series for C(L, H, Fy, K, T).

Figure 3.1.6 shows convergéd double knock-out call values using equation
(3.1.5) with different strike prices K < L < H, where L = 80, H = 110,r =
0.02,a =626, = 0.1, p =0.0001,7 = 0.01.

Figure 3.1.7 gives plots of converged double knock-out call values as
function of spot Fy for different values of T" and fixed parameters L =
80, H = 110,r = 0.02,a = 626, u = 0.1, p = 0.0001, K = 70.

Plots of the double knock-out call option values for K < L < H are given
in Figure 3.1.8. The three distinct curves represent the three choices of pa-

rameters (4, a) with fixed value L = 80, H = 110,r = 0.02, p = 0.0001,T =
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Figure 3.1.6: Converged double knock-out call value where K < L < H.
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Figure 3.1.7: Converged double knock-out call value.

0.01, K = 70. The three sets of parameter choices for (i, a) correspond to

the respective local volatility curves in Figure 2.3.1. Note that smaller g
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Figure 3.1.8: Converged double knock-out call values with K < L < H.

values correspond to steeper local volatility curves. The steepening of the
local volatility has pronounced effects on the barrier option value at the

extremities of the spot value Fj close to either barrier L or H.

3.1.2. Down-and-out Call. In this subsection we develop a pricing
formula for a down-and-out European call option, which we denote by
CPO(L, Fy, K, T), with L > 0 as a lower barrier. The derivation is ob-
tained by using a limiting approach. That is, by taking limit H — oo of
the double knock-out call option value.

By risk-neutral pricing we have

CPO(L, Fy, K, T) = e TE[AY)(Fr)|Fo = Fy
: (3.1.6)
= e "E[(Fr — K)*1(;,>1y|Fo = Fy
where 71, is given in equation (2.2.2). Note that, an indicator function in

the last step of (3.1.6) can be rewritten as 1{;, 51} = limpg o0 L{r,>Tr <7y}
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Hence, equation (3.1.6) leads to:
CPO(L,Fo, K, T) = ¢ lim E[(Fr — K)*1{ 57 <ru}|Fo = Fo]
H-ox
(3.1.7)
= lim O(La H7 FO)‘K’T)
H-
where C(L, H, Fy, K, T) is the double knock-out call option value, given by
equation (3.1.3) or (3.1.5).
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Figure 3.1.9: Convergence of down-and-out call value.

Figure 3.1.9 shows a sequence of double-barrier call values for increasing
values of H, for L = 80, = 0.02,p = 0.0001, u = 0.11, a=626,T=10,K =
100, N = 150. The graphs show the rapid convergence of the double-barrier
values to the down-and-out call value within the region of interest for spot
values on the order of 80 — 500.

Figure 3.1.10 gives plots of down-and-out call values for three different
families of Bessel-K diffusions (i.e. three sets of (i, a) values) and for the

GBM model (thick solid line) with local volatility at spot Fy = 100 chosen
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Figure 3.1.10: Converged down-and-out call in comparison with GBM
model.

such that o(Fp)/Fy = 0.25, and fixed parameters L = 80,7 = 0.02, K =
100, T = 10. As displayed, the three curves for the Bessel-K model (with
choices (u,a)) are quite close to the GBM model. On the other hand,
the curve with (u,a) = (0.5,729) is much closer to the thick solid line
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representing the GBM model than the other two sets of values (i, a). This
is consistent with the fact that the local volatility of the Bessel-K model is
flatter for larger u values (approaching the GBM local volatility) for spot

values 2 100. See Figure 2.3.1 for comparison.

3.1.3. Up-and-out Call. In this subsection we derive the pricing for-
mula for an up-and-out European call, denoted by CYC(H, Fy, K, T), with
upper barrier H < oo. The derivations for an up-and-out call option are
similar to that of the down-and-out call. However, we now consider the
limit L — 0+ of the double knock-out call value.

By risk-neutral pricing we have:

CYC(H,Fy,K,T) = ¢"TE [AD(Fr)|Fo = Fy

(3.1.8)
T [(Fr ~ KLyl Fo = i

where 77, 75 are defined in equation (2.2.2). The indicator functions can be
rewritten as Li-,>1}l{ry>1} = Lize>Tyrg>T) = limr oy 1{r, 577557} Hence,
equation (3.1.8) becomes:
CYC(H,Fy,K,T) = lim e E [(Fr — K)*1(r, >T;u>1}| Fo = Fo]
L—0+
(3.1.9)
= lim C(L,H, Fy,K,T)

L0+
where C(L, H, F, K, T') is the double knock-out call value.

Figure 3.1.11 shows the convergence of the limiting procedure as L — 0%
of C(L,H, Fy,K,T) for H = 300,r = 0.02,p = 0.00001,x = 0.1,a =
626, T = 10, K = 200, N = 100. The double-barrier values C(L, H, Fy, K, T)
converge to CYC(H, Fy, K, T) as L approaches zero (e.g. L =~ 0.1).
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Figure 3.1.11: Convergence of double knock-out call to the up-and-out call.
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Figure 3.1.12: Converged up-and-out call in comparison with GBM model.

Figure 3.1.12 shows the converged up-and-out call values for three dis-

tinct sets of parameters (u, a) (dotted lines) and an up-and-out GBM model
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(solid dotted line), with local volatility o = 0.25 at spot F = 100, where
H = 300, = 0.02,p = 0.00001,T = 10,K = 200. The three graphs
of CYO(H, Fy, K,t) for the Bessel-K model (with choices of (u,a)) show
quite different qualitative and quantitative behavior. The difference is pro-
nounced for lower values of the spot Fy < 50. For larger values of u, the
Bessel-K model is closer to the GBM model, whereas much steeper local
volatility curves characterize the Bessel-K model as p — 0+. See Figure
2.3.1 for the comparison. The GBM model has constant local volatility and
hence the call price approaches zero very rapidly as spot goes to zero. In
contrast, the Bessel-K diffusion exhibits a strong leverage effect for small
values of the asset price. So the option price does not decrease sharply as
spot Fy — 0+. This is particularly the case for smaller u values, i.e. for
Bessel-K models with steeper local volatility profile. The Bessel-K models
also admit default, i.e. the asset price can hit zero in finite time as 0 is
an exit boundary (see section 3.2.2 for details). This effect, in some sense,
competes with the leverage effect to bring the call price down to zero as the

spot Fy — 0+.

3.2. European Barrier Put Options

In this section, we derive the exact (closed-form spectral expansion)
pricing formulas for European barrier put options for double knock-out and
up-and-out put options. The derivations are similar to that of the barrier
call options, except that the first hitting time at the origin now also plays
a role. An up-and-out put option pricing formula can be derived via the
above-mentioned limit approach. That is, by taking L — 0+ of the double

knock-out put option pricing formula.
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3.2.1. Double Knock-Out Put. Let P(L,H, Fy, K,T) denote the
double knock-out put value, with lower barrier L > 0 and upper barrier
H > L, spot price Fy € [L, H] and time to maturity T. Following similar
arguments in previous sections, the exact closed-form pricing formulas for
double knock-out put options can be derived.

First we consider the case where the strike price K is in between the

barriers, i.e. L < K < H, then we have:

P(L, Ha FO, Ka T) = e—TTIE [(K - FT)+II'{TH>T,TL>T}IFO = FO] (321)

where 7, is defined in equation (2.2.2).

The last expression in equation (3.2.1) can be computed by using the
double-barrier transition probability density function U of equation (2.4.1).
Hence, equation (3.2.1) reduces to:

H

P(L,H,Fy,K,T) =€ / U(F,Fy, L, H,t)(K — F)*dF
L

K
=e"TK / U(F, Fy, L, H,t)dF (3.2.2)
. .
K
—e T f U(F,Fy, L, H,t)FdF
L

The integrals are computed by using the cumulative density ® in equa-
tion (3.0.11) and the related cumulative density ® in equation (3.0.17).
Combining gives an analytically exact spectral expansion for the double

knock-out put value:

P(L,H,Fo,K,T)=¢"T [K®(K,Fy, T) —®(K, Fy, T)] (3.2.3)
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Figure 3.2.1: Rapid convergence of the spectral expansion for equation
(3.2.3).

Figure 3.2.1 displays the convergence for the double knock-out European
put option value using equation (3.2.3), as function of spot Fp, with fixed
parameters L = 80, H = 110, p = 0.00001, 4 = 0.1,7 = 0.02,a = 626,T =
0.01, K = 90. The six distinct curves correspond to the first N =1,2,4, 8,12
and 20 (solid line) terms of the series sum in equation (3.2.3).

Figure 3.2.2 contains some calculated curves for P(L, H, Fy, K, T') using
the spectral expansion in (3.2.3), were L = 80, H = 110, p = 0.00001, p =

0.1, =0.02,a = 626,T = 0.01 and different choices of strike price K.
| Figure 3.2.3 shows curves for P(L, H, Fy, K, T) for various T, where
L =80,H =110, p = 0.00001, x = 0.1,7 = 0.02,a = 626, K = 90.
Figure 3.2.4 displays curves for P(L, H, Fy, K,T) for three choices of

Bessel-K models. The three curves correspond to the three separate sets
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Figure 3.2.2: Converged double knock-out put values with various K values.
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Figure 3.2.3: Converged double knock-out put value with various 7.

of parameters (u,a) as given in Figure 2.3.1, where L = 80, H = 110,p =
0.00001,8 = r = 0.02,T = 0.01, K = 90.
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Figure 3.2.4: Converged double Knock-Out put for three sets of (g, a).

Similarly, for the case where L < H < K, the double knock-out put
option value is given by
P(L, Ha FOa Ka T) = e-TTIE [(K - FT)+]1'{TH>T,TL>T}|F0 = FO]
H (3.2.4)
= e"rT/ U(F,Fy,L,H T)(K — F)"dF
L
where U(F, Fp, L, H,T) is given in (2.4.1).
Using ®(K, Fp,T) and ®(K, F, T) in equations (3.0.11) and (3.0.17),

the double knock-out put option value is:
P(L,H,Fy,K,T) =¢"T [K®(H, Fy, T) — ®(H, Fy, T)) (3.2.5)

For the case that K < L < H, the value of the option P(L, H, Fy, K, T)
is trivially zero.
Figure 3.2.5 demonstrates the convergence of the spectral series for the

put value given in equation (3.2.5), for all Fy € [L, H] where L = 80, H =
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Put Option

45

Figure 3.2.5: Series convergence for double knock-out put with L < H < K.

110,p = 0.0001,x = 0.1,7 = 0.02,a = 626,T = 0.01, K = 130. As shown
in the figure, the series converges quickly as more terms are added in the
sum of equation (3.2.5). The five curves represent the series sum of the
first 2,4,8,12 and 20 (solid line) terms of the double knock-out put option
formula.

Figure 3.2.6 displays the put value P(L,H, Fy, K,T) using equation
(3.2.5), as function of spot Fp, with fixed parameters L = 80, H = 110,p =
0.00001, x = 0.1,7 = 0.02,a = 626,7 = 0.01. The three curves correspond
to the distinct choices of strike prices K above the barriers.

Figure3.2.7 displays curves of P(L, H, Fy, K,T) for various maturities
with parameters L = 80,H = 110,p = 0.00001,x = 0.1,r = 0.02,a =
626, K = 130.

Figure 3.2.8 presents P(L, H, Fy, K, T') for three choices of Bessel-K dif-
fusions where L = 80, H = 110, p = 0.00001,r = 0.02,7 = 0.01, K = 130.
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Put Option

Figure 3.2.6: Converged double knock-out put option value for various K.

Put Option

Figure 3.2.7: Converged double knock-out put values with various 7.

The three individual curves correspond to the three separate sets of fami-

lies depicted in Figure 2.3.1. The curve corresponding to the steepest local




58 3. PRICING FORMULAS FOR F-DIFFUSIONS

Put Option
45 T T
n=0.1,a=626
40- 7 T~ | n=0.2,a=673
-~ — —u=0.5,a=729

35
wl /T
25
20
151

10

Figure 3.2.8: Converged double knock-out put with different choices of
(1, a).

volatility model (¢ = 0.1) displays a pronounced skewness in the double-

barrier put option price as function of spot Fp.

3.2.2. Up-and-Out Put. Here we derive the up-and-out put option
pricing formula, denoted by P(H, Fy, K,T), where H is an upper barrier.
The derivations are similar to that of the up-and-out call. The derivation is
based upon a limiting procedure where we take L — 0+ within the double
knock-out put option formula P(L, H, Fy, K, T). The derivation given below
takes into account the possibility of the asset price hitting zero (i.e. default)

before maturity.
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By risk-neutral pricing we have
P(H,Fo, K,T) = e"E [A")(Fr)|Fo = Fy]
= e "TE [(K — F1)*1{n>Try>1}Fo = Fo) (3.2.6)
+ Ke™™E [Liry<t,m<ra}|Fo = Fol

The second term corresponds to the discounted put payoff under scenarios
where the asset price hits zero (i.e. default) before hitting the upper barrier

level H, before maturity time T'. The first expectation term is equivalent to
LILI(I)I-}- C—TT]E [(K - FT)+1{TL>T,TH>T}|F0 = FO] = LILI{)I-}- P(L, H, Fy, K, T)
Hence, equation (3.2.6) becomes:

P(H, Fy, K,T) = lim P(L,H,Fo, K,T) + Ke”™"E [Lry<tro<ru}[Fo = Y]
(3.2.7)
Using equation (2.2.6) then gives

P(H,F,K,T) = Jim P(L, H, Fy, K, T)+ Ke™™ Aim P{r; (H) < T}
(3.2.8)

where 77 (H) is defined in equation (2.2.4) and P{7; (H) < T} is the risk-
neutral probability that the process F, starts at Fy € [L, H] and is absorbed
at the lower level L before it is killed at upper level H. The derivation of
this probability is given by Campolieti 2008 and has the closed-form spectral

expansion

P{r; (H) < T} = ®(c0; Fy, L|H) - P{T < 7 (H) < 00}  (3.2.9)
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where

q)—(oo; Fo,LlH) — R,u(\/ 2pr) - R“(\/Qp—{l?o)

Ry(v/2pmm) — Rulv/20%2) (3.210)

R(z) = I(2)/ K,(2) and

- ,u(\/m - )T
P{T < 77 (H) < o0} = Wi Z ( > WL ————fu(@0, T, M)

n=1

(3.2.11)
In equations (3.2.10) and (3.2.11), z;, = X(L), zg = X(H) and zq = X(Fp)
where X := F~! is the inverse map given by equation (2.3.3). f.(z,y, )
and M, are the Bessel cylinder function and the normalization constant,
respectively, given in equation (1.2.6).

Finally, substituting (3.2.9) into (3.2.8) gives

P(H,Fo,K,T) = Ke™' lim (9 (o0; Fy, L|H) ~P{T < 7 (H) < o0})

L—0+
+e7 T LhI(I)l+ [K®(max{H, K}, Fo, T) — ®(max{H, K}, F, T)]
(3.2.12)

where ® and ® are given in equations (3.0.11) and (3.0.17), respectively.

Figure 3.2.9 shows the double-barrier put values P(L, H, Fy, K, T) con-
verge to P(H, Fy, K,T) as L — 0+, with H = 110, p = 0.00001, 4 = 0.1,a =
626, = 0.02,T = 0.1, K = 90.
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Figure 3.2.9: Convergence of up-and-out put value.
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Figure 3.2.10 displays the converged up-and-out put values for the drifted
Bessel-K model with three different sets of parameters (i, a) and the up-
and-out put value for the GBM model (solid dotted line), with local volatil-
ity o = 0.25 = o(Fp)/Fy at Fy = 100, where H = 110,p = 0.00001,7 =
0.02,T = 0.1, K = 90. As seen, the three curves of P(H, Fy, K,t) for the
Bessel-K diffusions give fairly different results. Especially for smaller values
of spot Fy < 95. The Bessel-K model is closer to the GBM model for larger
i values. For smaller values of i the local volatility curves are steeper and

deviate drastically from the constant local volatility line of the GBM model.

3.3. Recovering CEV Models from Bessel K-Subfamily

In this section we recover the zero-drift CEV model, i.e. with asset price

process F;,t > 0, obeying the SDE
dF, = SFIPaw,, (3.3.1)

as a special limiting case of the zero-drift Bessel K-subfamily. The volatility
function for the CEV model follows a power law where o(F) = §F*P,
Throughout we consider the case where § > 0, 8 < 0 which leads to a
martingale diffusion. For the general connection between the CEV and the
Bessel family of diffusions, we refer the reader to the papers by Campolieti
and Makarov 2006. In this thesis we further establish the pricing kernels
and consequently derive closed-form pricing formulas for barrier options
for the driftless CEV diffusion with imposed killing at barriers. Following
Campolieti and Makarov, the derivation is based upon setting the drift
0 = 0 and taking the limit p — 0+, while keeping ap” constant along the

limit, within the drifted Bessel-K formulas, and using the small argument
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asymptotic forms of the modified Bessel functions I,(z) and K,(z), with
order u > 0.

Now, taking p — 0+, with § = 0, within the map F' = F(z) (for the

Bessel K-subfamily defined in equation (2.3.3)), we have:

F(z) ~ g <\/_27’5)“ 1

T+ \ 2 ) @/Vem)rT(w)/2
~ 2a(p/2)"[0( + DT(w)] a* (3.3.2)
— Cz#

where we define the constant C' = 2a(p/2)#[I'(x + 1)['(w)]™. T(-) is the
standard gamma function. Moreover, we set u = 1/(2|8|) (8 = —(2u)™!)

and the above map reduces to

F(z) ~ (626%z) 7 (3.3.3)
with inverse X := F~1:
F6 p-28

Applying the above limiting procedure, the volatility function o(F) in
(2.3.3) becomes

o(F) = ===
ﬁK“(‘/Qp_l) (3.3.5)

~ R (W) /202 V2

Now, substituting a = ﬂg(;;_}z&)“”&lﬂ((; /2u)?* and using z = X(F) into equation

(3.3.5), along with the property I'(x + 1)/T'(1) = p = 1/2|8|, leads (as
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required) to the above CEV volatility:
o(F) = §F' Al = gF1+A (3.3.6)

Let UCEY(F, Fy, L, H,t) denote the double-barrier transition probabil-
ity density of a zero-drift CEV model, with L and H as lower and up-
per barriers, respectively. An analytically exact spectral expansion for
UCEY(F, F,, L, H,t) is now obtained by applying the above limiting pro-
cedure to the transition density for the Bessel-K process. That is, setting

6 = 0 and taking p — 0+ within equation (2.4.1) gives

VXE) (XE)\ S ant
UCEV(F,F&LaH,t)_’ U(F) (X(F0)> Ze A T(,u,a:,a:o,a:L,n)

n=1

(3.3.7)

where Y(p, z, 2o, 21, 1) = N2 fu(Zo, L, An) fulZ, T, An). Using the mapping

in (3.3.4) gives the explicit closed-form transition density

VI F-268-32 &

CEV —
U (F7F0,LaH’t)— I,B|52

G_A"tNqu(:EO, zL, )‘n)fll-(mv rr, )‘n)
n=1

(3.3.8)
where f,, p = ﬁ, and N, are the Bessel cylinder function and normaliza-

tion given in equation (1.2.6) with values z = X(F) = £r | g = X(Fp) =

PR
F7%8 ~28 -28
Egﬁv L = X(L) = {512[32 y TH = X(H) = I;SITgT

Figure 3.3.1 shows the rapidly convergent plots of the transition density
UCEY(F, Fy,t) with fixed values Fy =3,L =2,H =10,t =10,8=-2,6 =
2. The five different curves correspond to the first N = 2,4,8,12 and 20
terms of the series in equation (3.3.8).

Figure 3.3.2 gives converged plots of the series in equation (3.3.8) with

different values of time t, where Fy =3, L =2,H =10,8=—-2,0 = 2.
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Figure 3.3.1: Convergence of CEV transition density.
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Figure 3.3.2: Converged CEV density with various ¢.
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The exact spectral expansion for the cumulative transition density of

the CEV volatility model, ®°EY(F, Fy, t) := ff UCEY(F, Ry, L, H,t)dF, is
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readily obtained by the above limit approach. That is, setting § = 0 and
taking p — 0+, while using the asymptotic form K,(z) ~ 3T'(u)(2)™#, gives

°FY(F, Fy,t) = lim b (p/2)H* &

—Ant
p—0+ I'(p) € Nf“(mo’xl" n)¥ n,p(m)

(3.3.9)

n=1

As p — 0+, ¥, ,(z) in equation (3.0.14) has the leading asymptotic form

—/2 _
o) o L {“\@x”""’%@) bn(a) + z“”}
(3.3.10)

Hence, using this latter asymptotic form into equation (3.3.9) gives us the

exact spectral expansion for ®EV(F, Fy, t):

<I>CEV(F, Fo,t) = xﬁﬂ Z e ™ (0, 2L, An)
. n=1 n
’ [”V B g 2obI2G (@) ~ pn(@) + ZNoz (3:3.11)
Similarly, 3" (F, Fo,t) := [ UCEV(F, Fy, L, H,t)FdF, is obtained by

applying the above limit to the expressions in equations (3.0.17), (3.0.20)
with drift » = 0 and simplifying. The related cumulative distribution has

the closed-form spectral expansion:

C'E'V 1 2
(F,Fo,t) = 5 (5= ""”Z

(mOa xL) )

[ Wz 2428 () + Nx“/2 (3.3.12)

- 26
In both equations (3.3.11) and (3.3.12): p = 2|1ﬁ|, z = ‘;z;f, Ty = %ﬁT,

zp = Ig;—;f, Ty = 52ﬁ2 , with qbn(x) and ¢,(z) given by equations (3.0.15)

and (1.2.5)-(1.2.6), respectively, with eigenvalues solving equation (1.2.7).
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3.3.1. Pricing Formulas for Zero-Drift CEV. In this subsection,

we develop the analytical double-knock-out European call and put pricing

formulas for the zero-drift CEV volatility model. Let C¢FV(Fy, K,T) de-

note the double-knock-out call option value with lower barrier L and upper

barrier H, with payoff A“#) given in equation (3.0.5). Since we are dealing

with the zero-drift case, then asset prices are driftless under the assumed

risk-neutral measure P. Hence, in what follows we are pricing options under

the CEV model with the assumption of zero (negligible) interest rate with
(F¢)t>0 representing the asset (e.g. stock) price process.

For the case where L < K < H we have
CCEV(FO’ K’ T) =E [(FT - K)+]]-{TH>T,TL>T}IF0 = FO]

H
= / U(F,Fy, L, H,T)(F — K)*dF
L (3.3.13)

=3°" (@, R, T) -3 (K, R, T)

- K [®°FV(H, R, T) - ®°FV (K, Fp,T)]

where ®EV and 87" are given by equations (3.3.11) and (3.3.12), respec-
tively.

Figure 3.3.3 gives plots for the computed double-knock-out call using
equation (3.3.13) as function of spot Fp, where Fy =3,L =2, H = 10,T =
10,8 = —2,6 = 2,K = 5. As shown, CYEY(F,, K, T) converges rapidly as
more terms are added to the series. The five curves correspond to the first
N = 2,4,8,12 and 20 terms of the series sums in equations (3.3.11) and
(3.3.12).

Figure 3.3.4 shows converged plots for C°EV (Fy, K, T) with fixed Fy =
3,L =2, H=10,T =10, = —2,6 = 2 and various choices of strike k.
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Figure 3.3.3: Convergence of double knock-out call series for CEV model.
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Figure 3.3.4: Converged double knock-out European call value CEV model.

Figure 3.3.5 demonstrates the converged plots of the double-knock-out
call using equation (3.3.13), with different choices of T and fixed Fp = 3,L =
2,H=10,0=—-2,0=2,K =5.
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Figure 3.3.5: Converged double-knock-out CEV model with various matu-
rities.

Similarly, for strike price K below the barriers (ie K < L < H), we
have:
H
C°FV(Fy, K, T) = / UV (F, Ry, L, H,T)(F — K)*dF
L (3.3.14)
FOEV

(H,Fy,T) — K&V (H, Ry, T)

Figure (3.3.6) presents some converged plots of equation (3.3.14) with
fixed parameters Fy = 3,L = 2,H = 10,T = 10,8 = -2,6 = 2. The
three distinct graphs correspond to the three different strike prices K.

Figure(3.3.7) gives plots for C9PV(F,, K, T) as function of spot Fy with
Fb=3,L=2 H=10,T =10,8 = —2,6 = 2 and various times T.
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Figure 3.3.6: double knock-out call CEV model with K < L < H.
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Figure 3.3.7: Double-knock-out call for CEV model with various 7' values.

The double-knock-out put pricing formula for the zero-drift CEV model,
denoted by PCEY (L, H, Fy, K, t), is derived as follows. For L < K < H,

POV (L, H, Fy, K,T) = E [(K — Fr)*L{ry>7,r,51y|Fo = Fo]
H
= / UCEV(F, Fo, L, H,T)(K — F)*dF (3.3.15)
L

= KOOBV (K, Fy, T) -3 " (K, Fo,T)
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Figure 3.3.8: Rapidly convergent double-knock-out put series for CEV
model.

Figure (3.3.8) shows rapidly convergent plots for the series of equation
PCEV(L, H, Fy, K,T) with fixed parameters Fy = 3,L = 2, H = 10,T =
10,8 = —2,8 = 2, K = 5. The five graphs represent the first N = 2,4,8,12
and 20 (solid line) terms of the series sum of equation (3.3.15).

Figure (3.3.9) gives converged plots of equation (3.3.15) with different
strike price K and fixed parameters Fy = 3,L = 2, H = 10,T = 10,8 =
92,6 =2.

Figure (3.3.10) provides the converged plots of PY2V(L, H, Fy, K,T)
with different values of T and fixed parameters Fy =3,L =2, H =10, K =
50=-2,0=2.
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Figure 3.3.9: Converged double-knock-out put for CEV model with various
K.
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Figure 3.3.10: Converged double-knock-out put values with various T'.

Similarly, for the case where L < H < K, we have:
PCEV(L, H, Fo, K,T) = E [(K — Fr)*1ry>1.7,51)|Fo = F]
H
= / UCBV(F, Fy, L, H,T)(K — F)*dF (3.3.16)
L

= K95 (H, F,, T) — 3" (H, F,T)
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Figure 3.3.11: Double-knock-out put for CEV model with L < H < K.

Figure (3.3.11) displays the converged plots of equation (3.3.16) with
different strike price K and fixed parameters Fo = 3,L = 2,H = 10,T(=
t)=10,8 = —2,6 = 2.

Figure (3.3.12) gives plots of the double knock-out put value P°*V (L, H, Fy, K, T),
computed using the series in equation (3.3.16) where L < H < K. The three
distinct curves represent the three different times to maturity 7" with fixed

parameters Fy =3, L=2,H=10,K =5,8=—2,0 = 2.
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Put Option

Figure 3.3.12: Convergence of double knock-out put for CEV model with
various 7T'.




CHAPTER 4

Sensitivity Analysis For European Barrier Call Option

In this chapter, we present a sensitivity analysis of the double knock-out
European call options under the new family of drifted Bessel-K diffusion
models. That is, in financial terminology we study the so-called “Greeks”
associated to the barrier options. The name Greeks is used because it
is standard notation to denote certain derivatives of an option value by
particular Greek letters. The derivatives represent the sensitivities of a
given option value under changes in an underlying parameter or asset price.
In this thesis we shall only focus on the explicit analysis of the knock-out
call. In particular, the double knock-out call price C(L, H, Fy, K, T) is given
by equation (3.1.3), in Section 3.1.1. Its value can be re-written in a more

convenient form, i.e.

—T e
€
H = E ~(p+3n)T ndén n
C(L? vFOaKvT) 2Ku( 2'0:1;0) n__,le NQ ,Pfllf(ZOamL)’\ )

(4.0.17)

where
Qnp = a [Unp(@n) = Unp(zk)] — K [Ynp(zn) — Ynplzx)]  (4.0.18)

fu(zo,TL, A\n) and N, are defined in equation (1.2.6). ¥y, Wn,p and 5,,
are given in equations (3.0.14), (3.0.15) and (3.0.20), respectively, and = =
X(F),zp = X(L),zg = X(H), zx = X(K) and zo = X(Fp) are the unique

inverse maps X := F~! in equation (2.3.3).
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4.1. Delta

Here, we derive the so-called Delta, denoted by A, of the European
double knock-out call option. A measures the change in the option value
due to small changes in the underlying asset price. The delta is of primary
importance in hedging risk for portfolios of options. A is defined as the first
derivative of C(L, H, F, K, T) (in this case) with respect to the spot price
Ey, ie.

oC

Now, using |X'(Fp)| = 24/X(Fo)/o(Fy), and the chain rule for differenti-
ation, along with the Bessel recurrence relations, J,(2) = £J,(z) — Jut1(2),
Y)(2) = £Y(2) - Yun(2), IL(=) = EL(2) + L (), KL(2) = EK,(2) +
K, +1(2), we obtain a closed-form spectral expansion

— [s o]
67‘T

8= Ty 2. N (20, 21) 412
V20 (Fo) K2( 2,,%);6 Xnpo(@0, ZL) U,  (41.2)

where o(Fp) is given by equation (2.3.3) and

Qp=a [\fn,p(wH) - Tn,p(wk’)] - K [\I’n,p(wH) - \I’n,p(-’EK)] (4.1.3)

and

Xn,p(Z0, Tp) = \//v/\_nKu(\/ 2020) fn(0) + VPK 1(v/2px0) fu(T0, Ty An)

The Delta of a single-barrier call can be computed by the previous lim-
iting approach. That is, taking the limit L — 0% of the double-barrier call
A leads to the upper single-barrier call A. Similarly, taking H — oo gives
the lower single-barrier call Delta. Some calculations for typical graphs of

Delta as function of spot price are given below.
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Figure 4.1.1: Double-knock-out call Delta values.

Figure 4.1.1 presents graphs of the double knock-out call Delta as func-
tion of spot using equation (4.1.2), with fixed parameters L = 80,H =
110, K = 90,7 = 1,p = 0.00001,7 = 0.02. The three distinct curves cor-
respond to the three different families of Bessel-K diffusion models (with
different sets of values for parameters (u,a)).

Figure 4.1.2 gives the convergence plots of the down-and-out call Delta.
The calculations were done by taking limit L — 0% of the A defined in
equation (4.1.2). The three curves represent the different sets of values
(u,a) within the different families of Bessel-K diffusion models, with fixed
parameters L = 80, H = 110, K = 90,T = 1, p = 0.0000L.

We observe that the values (u,a) have a dramatic effect on both the
double knock-out and up-and-out call Delta values of the Bessel-K model,
as seen in Figures 4.1.1 and 4.1.2, respectively. This is also observed in

Davydov and Linetsky, 2001. In their CEV model, the parameter § has
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Figure 4.1.2: Converged up-and-out call Delta curve.

a similar effect on the CEV double knock-out and up-and-out call Delta

values.

4.2. Theta

Here we compute the knock-out call Theta value, denoted by ©. © is
given by the first derivative of the option value with respect to the time to
expiration T'. It hence measures the rate of change of the option value with
respect to maturity. In other words, © represents the time decay on the
value of the option.

Using C(L, H, Fy, K, T) given in equation (4.0.17), and differentiating
the series with respect to T trivially gives

8
© = z=C(L, H, Fo, K, T)

rT (421)

.__e"‘ *
—_— + 7 4 A)e @A Qo ZL, An
2Ku(\/—2ﬁ) nz-_;l(p ) foH( 0,LL )
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The single-barrier call © value is then obtained via a similar limiting proce-
dure as above., That is, by taking L — 0% within the double-barrier Theta
we obtain the upper single-barrier call Theta and taking H — oo gives the

lower single-barrier Theta.
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Figure 4.2.1: Double-knock-out call Theta values.

Figure 4.2.1 shows plots of the double-knock-out call Theta using equa-
tion (4.2.1), as function spot Fy, with L =80, H =110, K =90,T =1,p =
0.00001,r = 0.02. The three different graphs represent the three distinct
families of Bessel-K (i.e. with different sets of values (u, a)).

Figure 4.2.2 presents the converged up-and-out Theta curves as the limit
L — 0% of the down-and-out call Theta. The three curves represent the
convergence of the three families of drifted Bessel-K (i.e. different choices
of values (p, a)) with fixed parameters L = 80, H =110, K =90,T =1,p =
0.00001, r = 0.02.
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Figure 4.2.2: Converged up-and-out call Theta values.

In this chapter we have given only a brief account of the sensitivity
analysis, namely of A and O, for knock-out barrier options within the drifted
Bessel-K family of models. The other standard Greeks, i.e. such as the so-
called Gamma (I'), Vega (v) and Rho (p), are also readily computed via

analogous closed-form spectral expansions and are left for future work.




Conclusion and Future Work

In this thesis we developed analytically closed-form spectral expansions
for pricing barrier options under new families of diffusion models (i.e. F- -
. diffusions). The asset pricing models, referred to as the drifted Bessel fam-
ily, are characterized by multi-parameter nonlinear local volatility functions.
Our theoretical development made use of the so-called diffusion canonical
transformation methodology. Particularly, we focussed on a four-parameter
drifted Bessel K-subfamily. By applying the diffusion canonical transfor-
mation method with a combination of Green’s function methods and first
hitting time techniques, we arrived at new closed-from spectral expansions
for barrier option pricing formulas as well as the corresponding sensitivities
(Greeks).

We showed that the rapidly convergent spectral expansions are read-
ily and efficiently implementable. The spectral expansions were derived in
closed-form for killing at two barriers (i.e. double-barrier case) where the
spectrum is simple and discrete. However, we also showed that by taking
appropriate limits in one of the barrier levels, the double-barrier formulas
lead to the single-barrier formulas. Our closed-form spectral expansions
paved the way for efficiently carrying out various calculations of barrier
options under the drifted Bessel K-subfamily for various choices of model
parameters. Furthermore, we compared the results (for down-and-out and

up-and-out call options, up-and-out put options) with the standard GBM
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model. The deviation from the GBM model is very significant and the
variability of this deviation can be modified with the choice of model pa-
rameters. In addition, we showed that by setting the drift parameter to
zero and taking a particular limit, the four-parameter Bessel K-subfamily
recovers the familiar zero-drift CEV local volatility model.

In the last chapter we presented closed-form spectral expansions for
the Greeks associated to the barrier options under the new family of four-
parameter drifted Bessel K models. Although the sensitivity analysis that
was presented is preliminary, the formalism is very useful for more thorough
future studies. In particular, in future work the drifted Bessel-K model can
be calibrated to optimally fit a given implied volatility surface based on
standard European call option market prices. Once the model parameters
are calibrated, the closed-form spectral expansions provided in this thesis
can be implemented to readily study the option prices as well as any of the
“Greeks” for the barrier options.

Lastly, we remark that within this thesis the diffusion canonical transfor-
mation methodolgy and spectral expansion approaches were used to develop
closed-form formulas for some barrier options, and their sensitivities, under
the Bessel family. In fact we showed that such a family resulted as a con-
sequence of considering the squared Bessel diffusion process as the solvable
underlying model. This family is only one example among other families of
so-called F-diffusions that are exactly solvable. The method presented in
this thesis extends more generally to other solvable families of F-diffusions
that have wide applicability in finance. Such families arise by considering
other choices as the underlying solvable X-diffusion. For example, these

include the Ornstein-Uhlenbeck process as well as the so-called confluent
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hypergeometric family of processes. Further development and applications

of these new models are the subject of future work.
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