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Analog simulation of superconducting loops containing one or two

Josephson junctions
James A. Blackburn and Binruo Wu®

Depariment of Physics and Computing, Wilfrid Laurier University, Waterivo, Oniaric, Canada

H. J. T. Smith

Department of Physics, University of Waserloo, Waterioo, Ouzario, Canada
(Received 16 March 1988; accepted for publication 17 May 1988)

Analog circuits are described which are capable of electronically simulating the static and
dynamic behavior of superconducting loops containing one or two Josephson junctions when
bias currents or magnetic fields are applied. Time-dependent fiux entry into or out of the ring
can, in either system, be observed by monitoring appropriate node voltages within the
simulator circuits. The various dynamical modes observed in earlier numerical simulations are
accurately reproduced. A theoretical analysis of the two-function configuration identifies
certain important criteria which determine which of these different states the system will

adopt.

I INTRODUCTION

The technology of superconducting devices based on the
Josephson effect has now reached a rather mature state as
evidenced by the commercial availability of a variety of in-
struments which utitize rf and de SQUIDs. Two recent dis-
coveries have revived interest in the more fundamental prop-
erties of Josephson weak Hnk circuits. The first is
deterministic chaos, which seems to be an almost ubiquitous
feature of nonlinear systems, and is known to appear in bi-
ased Josephson junctions'? and superconducting quantum
interference devices.’ The second is the unexpected discov-
ery of high 7', superconducting materials; an advance which
is likely to significantly broaden the scope of applications of
weak link devices.

In attempting to predict the behavior of superconduct-
ing networks containing one or more Josephson elements,
one invariably is faced with the task of solving nonlinear
differential equations. With few exceptions, the method of
cheice has been to perform numerical simulations on digital
computers. However an alternative—analog stmulation—is
available which offers the flexibility associated with interac-
tive, real-time processing. This approach was used, for ex-
ample, by Bryant and Wiesenfeld” in a recent study of period
doubling in a forced Duffing oscillator. In this paper an ana-
log simulator is discussed which models the behavior of a
superconducting ring interrupted by one or two Josephson
junctions. The dynamics of bundles of flux quanta entering
or leaving the loop are observed by monitoring appropriate
node voltages within the simulation circuit.

The portion of our simulator which represents 2 Joseph-
son junction is similar to an arrangement originally pro-
posed by Magerlein® and used subsequently by Kao et al.®”
to study chaos. A nearly identical arrangement was devised
by Tuckerman® for modeling double-junction interferome-
ters. In contrast to these circuits, however, our design, which
has already been successfully applied to a study of chaos in

*! Visiting Scholar from Chengdu Institute of Radic Engineering, Chengdu,
Sichuan, People’s Republic of China.

3112 J. Appl. Phys. 64 (8), 15 Septembsr 1988

0021-8979/88/183112-07$02.40

coupled zero-capacitance weak links,” does not require re-
setting logic for op amp saturation avoidance.

For the sake of completeness in this discussion, it should
be noted that a second type of simulator due originally to
Bak and Pedersen © has also proved to work well in studies of
single junctions,'*'? double- and single-junction SQUIDs,*
microbridge interactions,'® and chaos in junctions with ap-
piied ac bias." In their approach, Bak and Pedersen mod-
eled the guantum phase difference across a Josephson junc-
tion by the electronic phase difference between a voltage
controlled oscillator and an external fixed frequency refer-
ence oscillator. As can be deduced from the literature al-
ready cited, the Bak/Pedersen and Magerlein schemes each
continue tc have their proponents.

5. ONE JUNCTION IN A LOOP

The system to be considered in this section consists of a
superconducting ring interrupted by a single Josephson
junction. The Josephson element is described by the resisti-
vely shunted junction model (RSJC), with capacitance C,
resistance R, and critical current 7. The total loop induc-
tance is L, and an applied magnetic field imposes an external
fiux ¢, on thering. The ner fiux within the loop is denoted by
&. The derivation of the resulting differential equation for
this configuration has been discussed elsewhere'®!’,

Jitis

B" 4 8P + ysin Qod) =®, — P, (n
where ® and ®, measure ¢ and ¢, in vunits of the fux guan-
tum (), = (1/R)JL/C is the damping parameter,
v = Lio /b, and time is measured in units of VLC .

The simulation circuit is shown in Fig. 1. The Josephson
junction analog is synthesized from the combination of the
operational amplifier U, resistor R, capacitance C, and the
voltage-controlied oscillator (VCO) in series with R. The
circuit for the VCO has already been described in detail.® Op
amp U, is a simple inverter while U, together with R, and
C, serves tosimulate the loop inductance. An analysis of the
circuit based on the summing of currents at the inverting
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FIG. 1. Schematic diagram of the analog simulator circuit for a single Jo-
sephson junction in a superconducting ring.

input of U, yields the following equation:

C%Jr-;i— Vot o sin (Zﬁbdet)
v, i
:—-—-~=—me@’£, 2)
R, R,R,C;

where a is the amplitude of the sinusoidal VCO output and &

is a parameter specifying the VCO in units of Hz per volt.
If©is defined as k (¥ dt}, where k 1s some constant to

be determined, and time is normalized to units of

o +( 1 &RLCL)@, +<kaR2RLCL)
R C Re
. { 2w
X sin T@ = — (kR,R,C,V./R, .} -8, {3}

which clearly corresponds to Eg. (1) provided 6 =&,
b/k =1, and

(1/R) \[R,R,C,./C =5, (4a)

kaR,R, C, /R =1y, (4b)
and

—kR,R,C, V. /R, =®,. (4c)

The negative sign in (4c) implies that ¥, <0 is required to
simulate a positive applied bias flux.

There are considerably more variables appearing in the
simulator circuit than the three {£,7,®, ) required to fully
specify the original flux-biased loop. One way of simplifying
this situation is to recall that time in Eq. (3) is scaled to the
interval 7 = \[(R,R, C, C). Therefore values of R,R, C;,
and Ccan be chosen so that the waveforms to be observed on
the simulator will occupy a total time interval which is ex-
perimentally “convenient.”

Since the VCO parameters @ and b remain fixed, it can
be seen that for a given preset value of 7, § may be adjusted
by means of R, v can be set by R, and @, is controlled by
the ratio V. /R . This, then, is the prescriptien for choosing
all of the circuit components in the simulator.

A series of experiments was carried out with B, = 30
k§Y, R, =4.17MQ, C; =0.1 uF, and C = 3.67 uF; hence
7=6.78ms. Forthe VCO,q =0.8Vand b = 1000 Hz/V. A
y value of 1000 was selected by choosing R, = 10 k{}, while
different f were obtained by varying R throughout the range
1-100 k€. Each run began by slowly increasing ¥, uniil, in
the language of Ref. 16, the critical bias fiux was reached.
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FIG. 2. Simulator voltage captured with a waveform recorder and rescaled
to represent normalized flux velocity vs time. Parameters were ¥ = 1000
and 8 = 30. The initial stage of flux entry is shown in the upper figure. The
lower portion consists of the last quantum of the flux packet, followed by
damped plasma oscillations.

The subseqguent penetration of flux quanta into the loop was
cbserved on the simulator as a series of maxima and minima
in the waveform appearing at the output of op amp U,. From
the definition of © given earlier, it can be shown that
P =g = [k V/ (R.R,C, OV ] . This expression provides
the numerical factor for converting observed voltages to di-
mensionless flux velocities. A Biomation model 2805 wave-
form recorder was used to capture the signals of interest.

A typical result is shown in Fig. 2. The capabilities of the
waveform recorder made it possible to separately acquire
magnified sections of (7} at the beginning and end of the
flux transit sequence. A comparison with Fig. 1 of Ref. 16,
which resulted from numerical sclutions of the differential
equation with an identical value for y but slightly larger
damping, confirms the quality of data which the simulator
circuit is capable of generating.

The total number of flux quanta which enter the loop in
any given situation can be obtained from the simulator by
simply counting the number of peaks in the ¥{(¢) waveform.
In this manner, and by selecting various values for R; a plot
of @,,.. vs B was obtained. These results are shown in Fig. 3
together with numerical simulation data which were pre-
sented originally in Ref. 16. Again, the agreement is excel-
lent.
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FIG. 3. A plot of the number of flux quanta entering the loop as a function of
the damping parameter. The continuous line is from numerical simulations;
data points are measured values obtained from the analog simulator.

{1 TWO JUNCTIONS IN A LOOR

Now consider the case of two identical Josephson junc-
tions in an asymmetrically current-biased superconducting

{1-ooL ol
“JoT ~#- o0
sin®, % R? 1‘ C c ‘L,[ R? % sin ¢,
1 j‘
—T : TV
(1-ont § oh

FIG. 4. Equivalent cireuit of two Josephson junctions in a superconducting
ring of inductance 2L. The bias current I is asymmetrically applied to the
loop.

and
@5+ By + 2y sin(g,) = 20 (1 — a)yis + g — @2}
(3b)

In the above, f = (I/R)V(L/C), ¥ = Li. /¢yl is an ex-
ternally applied bias current expressed in units of the junc-
tion critical current [, ¢ is a parameter specifying the rela-
tive location of the bias injection point, and time is

The simulator circuit for this interferometer is shown in
Fig. 5. By asserting current conservation ai the inverting
inputs of op amps U, and U,, we obtain

ring of total inductance 2L, as shown in Fig. 4. This system dv 1 a
as studi . ith 8 ; C—+t 4+ — V¥V, +—sin Zﬁb{le
was studied by Blackburn and Smith'® who carried out nu- : 1 PV
. ) . . . . dt R R. J
merical simulations of the coupled differential equations
which govern the individual junction phases ¢, and g,: V., i [‘ V.V d (62)
- _ — ¥V, dt a
” ’ M 1 2
o1 +Bpi + 2wysinle) =2rayls — i@, — ;) (5a) R, RR,Cp
Sy
i
1
V(o) R s
— a2 b
+ ua
FIG. 5. Schematic diagram of the analog
simulator circuit for the double-junction
system.
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and

dv. i a
C—2g — ¥,
dt R 2+RC

Siﬁ(Z?Tb J‘ v, dl}
|14

. 1
SF A NS AT
R, RR,C, j( t¥a)

Define ©, = 2k {{(V, dt) and 8, = 2wk {(¥, dt), and
normalize time to units of JR,R, C,C/2; then (6a) and
(6b) become

{6b}

1 R2RLCL)
en (___ el
PR ‘V 2C :
k R’) C
+(17 aR,R; L)Sin (38;)
={—7kRR, C, V /R,)—1(8,-8,) (Ta}
and
i RzRLCL>
e’l (_— e!‘
2 F R"\f 2C 2
1rkaR2RLC,_> ) (b )
Bt —8
+( R, sin 7 ©:
={(—7kR;R, C, V,,/R,;) +4 (8, —-86,). (7o)

Equations (7a) and (7b) correspond exactly to (5a)
and {5b) provided O, = @, 8, = ¢@,, b = £, and

(1/R) JRE,C,/2C =8, (8a)
kaRzRL CL/ZRC = }/g (gh)
V)CZ Rxl }m !
1 =q, 8c
( + Vx] RxZ “ ( )
and
RC in sz }
a (Rxl + ‘RxZ g ( )

The numerical factor relating dimensionless time de-
rivatives to the physically observed circuit voltages is given
by

o' =7k JQRR,C.O V.

Once again, & convenient approach is to select R, R, ,
C,, and C such that the resulting time scale is appropriate
for experimental observations. Having fixed these compo-
nent values, f is then set by R, y is determined by R, o is
adjusted by the product (R, /R, )(V,/V,, ), and finally
I is conirolled by the sum (V /R, + V,/R,, ), subject
to the constraint imposed by maintaining coustant ¢. For
our circuit we chose R, = R,, = 30k} and only used ¥V,
and ¥, to determine & and J;. Another simple procedure
would be 1o use a single bias supply (¥, =V, = V,, ) and
control a through the ratio of the resistors R, and R,.

In experimental runs the output of the integrator U, was
momentarily grounded—this was equivalent to clearing the
loop of any initially trapped flux. ¥V, and V, were then
slowly increased (at a fixed ratic to preserve constant a)
until one of the junctions first reached its critical current and
a dynamical flux state was entered. The time derivatives of
the junction phases were gbserved during this interval by
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FIG. 6. Analog simulator output, suitably rescaled, representing the two
junction voltages for y = 10, @ = 0.6, and § = 4.5.

monitoring the outputs of op amps U, and U, with the wave-
form recorder.

It was shown in Ref. 18 that, for fixed 7, three distinct
types of behavior occur, depending on the value of the damp-
ing parameter. For f greater than some number £, all flux
quanta will move only through one of the two junctions and
the system will act as if it contained only a single weak link.
For B less than a second value f3,, the loop will initially fill
through this same junction, but the process will eventually
be replaced by one in which a dynamical equilibrium exists
with single quanta alternately entering the loop through the
first junction and leaving the loop through the second. This
switching state will continue as long as the external bias cur-
rent is maintained. In the intermediate region, 8, <8 <5,
packets of # quanta enter the loop through one junction and
then leave the loop through the other junction, with fill-and-
empty cycles endlessly repeating.

All of the above processes have been observed on the
simulator. An example of the intermediate state is illustrated
in Fig. 6 where, for ¥ = 10 and £ = 4.5, bundles of eight

100
® = .8
80 Y = 100
80
&
o
40t ?
20
0 i L

35

F1G. 7. Net flux in the double-junction loop following the first bias current
induced breakdown as a function of damping parameter. Continuous curves
are from numerical simulations; data poinis were obtained from the analog
simulator.
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“guanta’ alternately enter and leave the ring. These results
are in excellent agreement with those represented in Fig. 4 of
Ref. 18. Data from a number of experimental runs with
¥ = 100 are plotted in Fig. 7 and, again, quantitative agree-
ment with the corresponding figure in Ref. 18 is very good,
with the exception perhaps of the low damping regime where
errors probably resulted from imprecise matching of the
components representing the pair of junctions.

V. DISCUSSION

Some insight into the physical meaning of #, can be
gained from the following analysis. Suppose f>8,, and to
facilitate the discussion, choose the particular value a = 0.6
{the conclusions will in no way depend on this specific
choice). Imagine the bias current in Fig. 4 being increased
unti! a breakdown to a dynamic state is aboul to occur, At
this moment, the loop still contains essentially zero guanta,
with fy; = 0.6 I flowing through the left branch containing
junction 1, and 7, = 0.4 {; passing through junction 2.
However, since breakdown is imminent at junction I, which
is carrying the greater current, f;, must equal 1 {(currents
have been normalized to the critical value 7). Hence
Is = 1/0.6 and so junction 2 carries [, = 0.4/0.6 =2/3.
An infinitesimal increment in £ will induce breakdown, foi-
lowing which a total of # gnuanta will enter the loop. The bias
current will continue to be divided between the two branches
as before, but a circalating loop current 7, will now also be
present:

n=12yI,.

The superposition of the loop current with the bias com-
ponents in each branch results in a ner current in junction 1
of (1 — n/2y), and in junction 2 of (2/3 + n/2y). The num-
ber r depends on the damping parameter /3 it is quite smail
for large #, but conversely becomes large at small 5, and in
fact ultimately tends towards the value 2y.

Define 3, as the damping for which n = N = {(2y}. In
this particular case, junction ! will carry 1 ~ § = 2/3, while
the curvent in junction 2 will be  + { = 1. In other words,
the conditions on the twe junctions are exactly the reverse of
their prebreakdown values.

Because the bias { remains at its previous level, which
was sufficient to initiate a breakdown ai junction 1, it will
now force a new sequence to begin just as junction 1 is termi-
nating its activity with damped plasma csciliations, but this
time the flux packet containing N quanta will exit the loop
via junction 2. These arguments explain why such fill-and-
empty cycles occur in the vicinity of ;. The identification of
junction 1 (as specified in Fig. 4) as the one through which
fiux quanta first enter the Ioop is applicable for > 0.5, in
which case a general expression for NV is

N=12y(2 - Vo). &)

For @ = 0.6 and y = 100, this give V = 67, in excellent
agreement with the data presented in Fig. 7. For o = 0.6 and
¥ == 10, Eq. (9} predicts N = 7, the observed value indicated
in Fig. 8 is eight quanta.

It also follows that if M = (2 — 1/&) quanta reside in
the Icop, then I, will exactly equal £,,. It is this symmetry

3116 J. Appl. Phys,, Vol. 64, No. 6, 15 September 1968
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FIG. 8. Junction voltages observed on the analog simulator for « = 0.6,
== 1396, and y == 100. This illusirates the onset of activity at both junc-
tions. When the voltages eventually become synchronized, a dynamic equi-
iibrium is established in which single quanta alternately enter and exit the
ioop.

which characterizes the region below 3, where the junctions
alternate in passing single quanta in and out of the loop. Note
that M = N /2, and so the dynamic equilibrium of this
switching mode maintains just one half of the flux valoe
which occurs at £,. This fact was deduced on emperical
grounds in a previous publication.'®

The other boundary {at 3,) of the fill-and-empty zone
may be interpreted in the following manner. At 3, the ex-
change of roles between junction 1 and junction 2 is induced
by the initial transfer of precisely & quanta into the ring.
Suppose a smaller £ is chosen and the bias current is in-
creased until junction 1 breaks down. As soon as the first ¥
quanta enter the loop, junction 2 will reach its critical cur-
rent. Because of the low damping, junction 1 will still remain
active and so the loop will simultaneously lose guanta
through junction 2 and gain quanta through junction 1, but
at different rates—with losses exceeding gains. This type of
behavior was observed on the simulator and an example is
shown in Fig. 8 for o = .6 and y = 100. The reduction in
the number of quanta in the loop will continue until the rates
just balance and the switching state referred to above is es-
tablished. Therefore 5, is that value of damping for which
N -+ 1 quanta would first enter the ring through junction 1.
In Ref. 16 it was shown that a “universal” curve for flux
entry could be constructed by plotting ®,,... /7 vs B/8.,
where £, is a coustant times /y. Such a curve for a loop of
inductance 2L is reproduced in Fig. 9, to which has been

Blackburn, Wu, and Smith 3116
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FIG. 9. Plot of the universal characteristic: ., /7 vs normalized damp-
ing. For a loop containing two Josephson junctions, a current induced
breakdown at £, will lead to a fill-and-empty mode with bundles of
2(2 — 1/a) flux quanta alternately entering and leaving the loop.

added a hypothetical £, and its associated V. Because the
ordinate is labeled in units of 7, an increase in flux to ¥V 4 1
corresponds to a vertical shift of 1/y. It is readily apparent
from the figure that large y will lead to relatively small inter-
vals along the normalized £ axis, and vice versa. In fact if we
treat the @, /¥ vs B /5. characteristic as approximately
linear in the region of interest, then (8, — £,}/5,. would

vary as 1/y. However, because £ itself is proportional to /7,
the net dependence should be (8, — ;) « 1/ Jy.A conjec-

ture to this effect was made in Ref. 18. To see how this rela-
tionship could be applied, consider the fact that both nu-
merical and analog simulations yielded (£, — 5,) = 0.6 for
a = 0.6 and ¥ = 10. From this value, we may then predict
that (8, — #,) should be £.19 and 0.06 for y = 100 and

1000, respectively. Estimates of corresponding widths of the
fill-and-empty zone, based on simulation data, were 0.3 and
0.1; this level of agreement is quite consistent with the ap-
proximation which has been invoked.

Finally, we note that it should be possible to enter the
fill-and-empty mode with values of the damping parameter
greater than j5,. The process may be illustrated with the fol-
lowing example. Let & = 0.6 and 7 = 100 and raise the bias
current f¢ from zero to 1.667. At this moment the net junc-
tion currents will be §;; = 1.0 and 7, = 0.667; junction 1
will therefore break down and flux will enter the loop. Sup-
pose the damping is such that $ ., = 25 so that after a
steady state has been achieved 25 quanta will reside in the
loop. Now let {5 be increased further still to the value 1.875.
The junction currents are now found to be [, = 1.0 and
Iy, = 0.875. Junction 1 will, consequently, break down a
second time and an additional 25 quanta will be admitted
into the loop. When a steady state is again established, the
junction currents are [y = 0.875 and 7;, = 1.0. Note that
the two junctions have now exactly reversed roles and so the
fill-and-empty mode will appear. However, because the flux

3117 J. Appl. Phys., Vol. 64, No. 6, 15 September 1868
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FI1G. 10. Recorded waveforms confirming the existence of a fill-and-empty
mode which occurs after a second bias induced breakdown for @ = 0.6,
£ =203, and y = 100.

bundles consist of 25 quanta in this situation, the alternating
action of the two junctions will result in a net flux which
varies between 50 and 25. This example shows how, for the
particular values of alpha and gamma selected, a two-step
process can lead to the fill-and-empty mode. If § had been
such that ®_,.. was not guite 25, then exact role reversal
would not occur after the second breakdown and the system
would, either immediately or foliowing a third current-in-
duced breakdown, enter a switching state with single quanta
entering and leaving the loop. In this case, an average flux of
37.5 would be maintained.

An experiment was carried out on the analog simulator
to test the above hypothesis. Circuit components were select-
ed so that 5 = 20.3 and y = 100. The bias voliages F,, and
V., were increased until the system had passed the first
breakdown, and just reached its second critical condition. At
this point, as shown by the recorded waveforms in Fig. 10,
bundles of approximately 25 fiux quanta were seen to be
transferred in and out of the loop. This observation confirmns
the existence of a two-step scenario for reaching the fill-and-
empty mode.

The guestion arises as to whether it is possible to enter
the fill-and-empty mode from other values of 8> 3,. Con-
sider now arbitrary « and y, and for the 5 in question, as-
sume each induced breakdown causes m quanta to be trans-
ferred. Suppose (k — 1) critical increments in /g have
already been forced and the system is still in equilibrium
with (¥ — 1)m gquanta in the loop. The next breakdown will
be induced by a bias current'®:

foo =1+ (k= Um/2y}/a.

At this moment one finds the junction currents to be
I, =10
and

I, = (1 —aYa+ (k— 1ym/2ay.

Hence m additional quanta enter the loop through junc-
tion 1. When this activity ceases, the lcop contains km quan-

Biackburn, Wu, and Smith 3117




ta, and the total junction currents are
Iy ={1-m/2y)
and
{p =0 —a)a+ (m/2yy[(k—1) + al/a.

From these expressions it can be shown that the two
junctions have exactly exchanged roles in the course of this
flux transfer, with I, now reaching unity, provided

m=2y(2c — 1}/[{k— 1) +al. (10}

For a=0.6, y =100, and k=2, Eq. (i0) yields
m = 25—the value employed in the example discussed
above. The fact that m must be an integer eliminates many, if
not most, k values. For instance & = 3 results in m = 15.38
but neither m = 15 nor m = 16 will aceess the fill-and-emp-
ty mode in three jumps; instead the system will stabilize
eventually in the switching mode.

V. CONCLUSIONS

Measurements performed on the analog simulators
have demonstrated the accuracy with which these circuits
model the behavior of superconducting loops containing one
or two Josephson junctions. The parameters which com-
pletely specify the systems of interest are easily adjusted by
varying either resistors or bias voltages. Because the coupled
nonlinear differential equations governing the two junction
configuration correspond to the mathematical description of
a pair of torque-driven interacting pendulums, an analog
simulator can also provide a means of probing the motion of
this type of oscillator. Such an approach to studying nonlin-

3118 J. Appl. Phys,, Vol. 64, No. 8, 15 September 1888

ear mechanical systems could be a useful alternative to nu-
merical analysis, and could facilitate the expioration of their
complex dynarmical states.
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