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A RELATIVE SEIDEL MORPHISM AND THE ALBERS MAP

SHENGDA HU AND FRANCOIS LALONDE

ABSTRACT. In this note, we introduce a relative (or Lagrangian) version of
the Seidel homomorphism that assigns to each homotopy class of paths in
Ham(M), starting at the identity and ending on the subgroup that preserves
a given Lagrangian submanifold L, an element in the Floer homology of L.
We show that these elements are related to the absolute Seidel elements by
the Albers map. We also study, for later use, the effect of reversing the signs
of the symplectic structure as well as the orientations of the generators and of

the operations on the Floer homologies.
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1. INTRODUCTION

Let (M,w) be a closed symplectic manifold. Seidel constructed in [16] a map
from a covering of miHam(M,w) to the invertible elements of either QH,(M,w)
or FH,(M). It has found many uses, for example, in the study of Hamiltonian
fibrations (Lalonde-McDuff-Polterovich [8]) and the quantum ring structure of toric
varieties (McDuff-Tolman [11]). In this article, we introduce a similar construction
when given a Lagrangian submanifold L in (M,w). Instead of considering the loops
in Ham(M,w), we consider the paths in Ham(M,w) starting at the identity and
ending in the subgroup Hamy, (M, w):

Hamp (M,w) := {¢ € Ham(M,w)|p(L) = L}.

Another natural subgroup to consider consists of Hamiltonian symplectomorphisms
that fix L pointwisely. It is easy to see that any diffeomorphism of L that is isotopic
to the identity can be extended to a Hamiltonian symplectomorphism in M that
preserves L. It follows that the two choices of subgroups essentially differ by Diff(L).
For the purpose of this paper, the reader can think of either choice.

Under the monotonicity assumption in the Lagrangian setting, one can define
the Seidel elements for the elements in a covering of m (Ham(M,w), Hamp, (M, w)).
There is a homotopy exact sequence for the Hamiltonian groups, and we show that
the following diagram commutes (cf. Corollary 3.16):

(L1) 7 Ham(M,w) — 7y (Ham(M, w), Hamp, (M, w)) —— 7oHamp, (M, w)

FH, (M) <4 FH,(M,L)

where ¥ and ¥y, denote the respective absolute and relative Seidel maps and .o/
denotes Albers’ comparison map between FH,(M) and FH,.(M, L) [3].

We should explain the above diagram a little more. The Seidel maps are defined
for the extensions 71 of the respective m’s by the corresponding period groups
I, or I',. An element g € mHam(M,w) can be viewed canonically as an ele-
ment in 71 (Ham(M,w), Hamy,(M,w)) (cf. Lemma 3.13), and the corresponding
Seidel elements are related by «/. The group moHamy(M,w) is an extension of
moHamy, (M,w) so that the top sequence is exact. On the other hand, we may
adopt McDuff’s the point of view in [10] where the Seidel map is defined on 7;’s
directly by choosing a preferred extension g for each g € ;. Then (1.1) holds with
the non-extended homotopy groups.

One of the original motivations for studying these Seidel elements and the above
diagram was to obtain information on the third term in the exact sequence, namely
moHamp, (M, w). This is the most elementary question that one may ask about the
subgroup Hamy,(M,w) of Hamiltonian transformations leaving a given Lagrangian
submanifold invariant.

If, say, one calls the elements in the image of &7 o ¥ the circular Seidel elements
in FH,(M, L) and the elements in the image of ¥, the semi-circular ones, then by
the commutativity of the diagram, the latter ones contain the former ones. One
could try to find semi-circular, but not circular, elements by computing explicitly
the two Seidel morphisms. This would imply that

mHam(M,w) — 7 (Ham(M, w), Ham, (M, w))
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is not onto, and therefore moHam (M, w) is not trivial. Of course, if a given compo-
nent of Hamy, (M, w) is made of Hamiltonian diffeomorphisms whose restrictions to
L is not isotopic to the identity, it is obviously not the identity component. Hence
our construction is useful when components are made of Hamiltonian diffeomor-
phisms whose restriction to L is isotopic to the identity (or cannot be easily shown
to be non-isotopic to the identity).

In presence of a real structure on M, i.e. of an anti-symplectic involution ¢
with fixed point set L, in every occurrence one could replace Hamp (M, w) by its
subgroup Ham.(M,w) of Hamiltonian diffeomorphisms of M commuting with c.
Obviously the corresponding diagram (1.1) would still commute. In this paper, we
restrict ourselves to a detailed setting of the theory, postponing to a forthcoming
paper applications and computations of examples.

In §2, we review Lagrangian Floer homology in the setting of Hamiltonian paths;
cf. [3]. Other versions of Floer homology of a single Lagrangian already exist, e.g.
[12, 4, 5, 6] by Oh, Fukaya-Oh-Ohta-Ono and Biran-Cornea. Because we will be
working over R, we include a discussion of the coherent orientation for the Floer
trajectories, essentially following Fukaya-Oh-Ohta-Ono [6]. The necessary gluing is
similar to those found in Albers [3]. The half-pair-of-pants product is analogous to
the pair-of-pants product in the Hamiltonian Floer homology with some notorious
differences (say its non-commutativity). It should coincide with the product defined
from holomorphic triangles as in [6] or using the linear cluster complex as in [4]. For
later use, we also discuss the action of FH,(M) as well as the Albers’ comparison
map. Other versions of the action of FH,(M) has been described before, e.g. in
the context of the linear cluster complex (or pearl complex) [4] or in the context of
L-action on the A.-algebra in [6].

In §3 we carry out Seidel’s construction for HF, (M, L) and show that it has the
expected properties. It is also in this section that we show the commutativity of
diagram (1.1). Finally, for later use related to the computations in (X, w) x (X, —w),
we explain in §4 and in §5 the effect of reversing the orientations of the generators
of the symplectic and Lagrangian Floer homologies a well as the reversal of time in
operations on Floer homologies.

We would like to mention here that the possibility of defining a relative Seidel
morphism appears implicitly in the recent paper of Rémi Leclercq in [9]. Indeed, the
proof of his basic proposition 3.1, that he needs to define his Lagrangian spectral
invariants, contains the main ingredients of the construction of a relative Seidel
morphism, even though it is not presented in these terms.

2. LAGRANGIAN FLOER THEORY

Let (M,w) be a symplectic manifold and let L be a Lagrangian submanifold.
Here we set up the Floer theory for (M, L) with a generic Hamiltonian perturbation.

2.1. Novikov rings. We think of w, ¢;(TM) and py, as functions on me(M) or
ma(M, L) and denote them as

I, : (M) or mo(M,L) = R, I, : me(M) — R and I, : mo(M, L) — R.
Let
7T2(M)

mo(M, L
w:kerl N ker I, and I', = A :

~ kerl,Nkerl,’
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where one could as well replace o (M) and 7o (M, L) by their images under the re-
spective Hurewicz homomorphisms, namely, the spherical homology groups Hy (M)
and H5 (M, L), since the quotients are the same.! Then the Novikov rings for quan-
tum (or Floer) homology are defined as follows:

Aw:{ Z age®?

Bely,

AL:{ Z aBeB

Bel'g

ap € Rand VK € R, #{Blag # 0 and w(B) < K} < oo},

ap € R and VK € R,#{B|ap # 0 and w(B) < K} <oo}.

Their degrees are defined by deg(e?) = —2I.(B) and deg(e?) = —I,(B). The ho-
motopy exact sequence ma(L) — mo(M) — mo(M, L) — m1(L) induces an inclusion
on the quotients

i: 1, —)FL7
since ker I, N ker I, is mapped to ker I, Nker I,,. It follows that there is a natural
inclusion of the Novikov rings:

7 Aw — AL.
We can then make a Ar-module into a A,-module via this inclusion.

2.2. The flow equation. Let H : [0,1]xM — R be a time-dependent Hamiltonian
function and let J = {J;};c[0,1] be a time-dependent w-compatible almost complex
structure. The space of such pairs is

HT =C>*([0,1] x M) x J,
where J is the space of one-parameter families of w-compatible almost complex
structures. Let

D% ={z € C: |2|<1,92>0},
04 denote the part of boundary of Di on the unit circle, parametrized by ¢ € [0, 1]
as '™ and Jy denote the part on the real line, parametrized by ¢ € [0,1] as 2t — 1.

We consider the path space

PrM ={l:([0,1],{0,1}) = (M, L)|[[] =0 € m (M, L)}
and the covering space 75LM of Pr M whose elements are the equivalence classes
[l,w], where I € P M and w : (D3;04,00) — (M;1, L),
where
(LLbw) ~ (I',v'") < 1=1"and I,(w#(—w")) = I, (w#(-w")) = 0.

The action functional on Py M is given by

an ([l w]) = _/ wwot | H(®)d
D3 [0,1]
where we use the convention dH = —tx,w for the Hamiltonian vector fields. An
element [ = [l,w] € P M is a critical point of ay if and only if [ is a Hamiltonian
path connecting points on L.

L If one adopts the point of view in [10] so that (1.1) holds for the non-extended groups, then
the ma’s are replaced by the respective spherical homology in R-coefficients, namely Hég(M;R)
and H2S(M, L;R). The maps I, I. and I, are well defined on these homology groups, and I,
and I'y, are defined as the respective quotients.
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Definition 2.1. A critical point lis non-degenerate if do1Tyo)L th Tj1)L, where
btefo,1) is the Hamiltonian isotopy generated by Hic(o,1]-
In a way similar to the case of Hamiltonian Floer homology on M, we have
Proposition 2.2. For a generic H, all critical points of ay are non-degenerate. [

Floer theory studies the negative gradient flow of ag. Let (,)5 be the metric on
Pr M defined by

(Ema = [ wle@) Jmwyar
Then the equation of negative gradient flow for ay is the following perturbed J-
holomorphic equation for u : R x [0,1] — M:
) o) _
(2.1) {8—7; + Ji(u) (8—’; - XHt(u)) =0 forall (s,t) € Rx[0,1],

u‘RX{O,l} C L.

The energy E(u) of a solution u of (2.1) with respect to the metric induced by J
2
dsdt,

is defined as its s-energy
ou
E(u) = / ‘—
0s |,

where the t-metric on M is (§,n), = w(&, Jen). Suppose that all critical points of
apg are non-degenerate, and let u be a finite energy solution. Then Is(¢t) := u(s, t)
converges uniformly to Hamiltonian paths in C°-topology, i.e. Il critical points
of ap so that limg_, 1 I5(t) = I+ (¢) uniformly in ¢.

2.3. Conley-Zehnder index. For each non-degenerate critical point I = 7, w],
we can define a Conley-Zehnder index g H(T) Since Di is contractible, we find a
symplectic trivialization @ of the bundle w*T'M given by @, : T,y M — C" with
standard symplectic structure wo on C". We require that ®,(T,,)L) = R" for
r € [-1,1] € D2, which is possible since [—1, 1] is contractible. Then the linearized
Hamiltonian flow d¢; along [ defines a path of symplectic matrices

E; = ®gine 0 dy 0 &7 € Sp(C™).

The Conley-Zehnder index of [ is defined using the Maslov index of paths of La-
grangian subspaces introduced in Robbin-Salamon [14]:

Proposition (Definition) 2.3. The Conley-Zehnder index off is defined as

MH(ZN) = u(ER™ R™). It satisfies the following:

(1) pu(l) does not depend on the trivialization;

(2)
3)

,uH(l) + % ISV

3) under the deck transformation by B € T'r, we have uH(T#ﬁ) = ,UH(T) +
1.(8)-

Proof. For (2) see [14], Theorem 2.4. The rest can be shown similarly as in the case

of Hamiltonian loops in M. O

Definition 2.4. The Floer chain group is FC.(H) = @, FCi(H), where

FCy(H) := Z ajl a[ERandVKER,#{ﬂa;#O,aH(T)<K}<oo
pa )=k
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It is easy to see that FC.(H) is a graded module over the Novikov ring A, via
eB ' ,lv: ’lv#ﬂa

and we have
e” - FC,(H) C FC\_geg(eny(H).
We note that by the ring inclusion ¢ : A, — Ay, FC.(H) is also a A,-module.

2.4. The linearized operator and moduli spaces of flows. Let’s suppose that
all critical points of ay are non-degenerate and consider the linearized operator of
(2.1) at a finite energy solution u:

(22)  DuE =V &+ L(u)V o€+ Vedi(u)u— Ve (Jy(u) Xp, (u)),

where § € I'(w*TM; L) = {§ € I'(u*TM)|{|rx{0,13 € T'L}. Under suitable Banach
completion, D, : LY (u*TM;L) — L} _,(u*TM) is Fredholm whose index is the
expected dimension of the space of solutions near u.

By [15] (Theorem 7.1), the index can be identified as the difference of the Conley-
Zehnder indices of the two ends:

Proposition 2.5. Let MVH,J(M, L;L,L) be the space of all solutions of the equa-

tion (2.1) conmecting I_ to Iy such that [l_#u#(—1,.)] = 0 € T'p. Its expected
dimension is then given by

indD, = pr(_) — pu(ly). O

The unparametrized moduli space is My 5(M, L;T_7T+):MVH,J(M, L;l_,I.)/R
where the R action is the shifting of s. Thus we have in generic conditions:

dim My g(M, Ly 1,04 ) = pa (1) — par (1) — 1.

2.5. Coherent orientations. We will work over Q or C instead of Zy. For this
reason, we impose the following assumption from now on:

Assumption 2.6. L is relatively spin, i.e. L is orientable and wo(L) € H*(L;Z2)
extends to a class in H2(M).

The above assumption implies that the moduli spaces of holomorphic discs with
boundary on L can be canonically oriented with the choice of a relatively spin
structure on L, i.e.

e an orientation of L,

e an extension of wy(L) to H*(M) and

e a spin structure on T'L ® V| ,, i.e. a trivialization of TL & V| ,, that
extends to L g,

where L) is the 2-skeleton of some triangulation of L and V' is an oriented real
vector bundle on the 3-skeleton M3y of M so that wy(V) extends wo(L). It follows
that TL & V| Lz 15 indeed spin. Starting from these choices, we may assign to the
moduli spaces M w3 (M, L;l~,7l~+) a coherent orientation (see for example [6], §44)
in the following way. s o
First, in order to orient the moduli space of half-tubes My (M, L;1_,1}), we
consider essentially an oriented version of the argument for the PSS [3]. It involves
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another type of moduli space ./,\/lvﬁi 5+ (M, L;l~) consisting of maps from either the
capped strip Z_ or Z ([3]):

+
(2.3) C > Zy = D2 U (R* x [0,1]) “— M so that u(9Z4) C L,

where this time D? denotes the closed left half part of the disk of raduis 1/2
centered at 1/2i € C, while Di denotes the closed right half part. The coordinates
in Zy is z = s+ it. Choose and fix (H*,J¥), a pair of smoothly z-dependent
Hamiltonian functions and almost complex structures so that

(Hiv‘]i”D?F = (07 J) and (Hi7Ji)|1:FS<0 = (H,J),

where J is a generic almost complex structure on M. Consider the equation for
uE Z. — M:

o L% TR (% - X)) =0 forall (s.1) € Ze,
U|6Zi c L.

The energy F(u¥) is defined as the s-energy in the usual way, and finite energy
solutions u* converge uniformly to Hamiltonian paths of H when s — +0c0. Then
set
u satisfies (2.4),
Migs 3o (M, L;1) := { w* : Zo — M |limg 200 u® =1 and
[[#(~u*)] =0€eTly
There are evaluation maps for these moduli spaces, at the points py = +1/2+1/2i €
DQi:
ev® : MHi)Ji(M,L;T) — L:ut — ui(pq:).

We argue that a choice of the orientations of all the moduli spaces of the
form /{/IVH+)J+ (M, L;F) induces the orientations of the moduli spaces of the form
//\Z/H,’J, (M, L;T’), where [T = [~. We consider the gluing of equation (2.4) for the
moduli spaces ./,\/lvH+7J+ (M,L;l~+) and MH*vjf (M,L;lN_) along [. That is, choose
and fix an appropriate cut-off function 5 and consider the domains

Zyr=D>U([0,R+1] x [0,1]) and Z_ g = D3 U ([-R —1,0] x [0, 1]),

and use [ to glue the two equations on Zi to define an equation on the glued
domain

Zp =2y pgUZ_pgr/(z~z—R—1in the ends).

We note that Zp is conformal to D? and the equation on Zp is in fact a compact
perturbation of the 0 -equation for discs with boundary on L. Because the moduli
space of discs is canonically oriented by the choice of a relatively spin structure,
we see that the moduli space M p+ 5= (M, L;T7 R) for the glued equation on Zg is
oriented. From the additivity of indices by standard gluing arguments, we see that
the orientations of the +-moduli spaces induce orientations of the —-moduli spaces.

Let B € my(M, L) and consider I? = [#B. When Mg+ 5+ (M, L;1P) is not
empty, its orientation is defined from that of M a+,a+ (M, L;l~) and the J-equation
for discs with boundary on L representing class B. We note that the moduli space
of discs might be empty or the J-operator might be non-surjective. Nevertheless,
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an orientation can be assigned to the index of the J-operator. Summarizing, we
have

Proposition 2.7. The orientations of the moduli spaces MHi a=(M, L'ZN) are de-
termined by the canonical orientations on the indices of the O- operators of discs
with boundaries on L as well as a choice of the orientations on ./\/lH+ J+(M, L; 1 )

for a Ap-basis {lj} of FC.(H). O

Definition 2.8. The basis {Tj} is called a preferred basis for the orientation of the
Floer complex FC.(M, L; H,J).

To obtain the orientations for the moduli spaces M m,3(M, L; 1_,1}), we no-
tice, for example that gluing these latter moduli spaces with the moduli spaces
MH+ 3+ (M, L; I ) yields the moduli spaces ./\/lH+ g+ (M, L; l+) Since both the
latter two have been given orientations, these orientations canonically determine
orientations on the moduli spaces of half-tubes. Considering the opposite gluing,
that is to say using M- - (M, L; l+) instead of M+ g+ (M, L; I ), would give
the same induced orientations. It is now easy to see that the orientations intro-

duced on M w3(M,L; FZ:,Z;) are naturally coherent in the sense of Hofer-Salamon
[7].

2.6. Floer homology. From now on, we consider only monotone Lagrangians, i.e.
satisfies the following;:

(2.5) there is A > 0 such that I, = AI,, on mo(M, L).

Together with Assumption 2.6, we see that the minimal Maslov number of L is
at least 2. The monotonicity condition also ensures that there are no non-trivial
holomorphic spheres with non-positive Chern numbers or non-trivial discs with
boundary on L with non-positive Maslov index.

Let My (J) denote the set of points of M lying on non-constant J-holomorphic
spheres with Chern number < k&, Li (J) the set of points of L lying on the boundary
of non-constant J-holomorphic discs with Maslov number < k and P(H) be the set
of points of M lying on connecting orbits of H. In the following, we will assume
that the pair (H,J) is regular in the sense that

all Jy,1-holomorphic discs with Maslov index 2 are regular,
J is regular for pseudo-holomorphic spheres with Chern number 1,
all connecting orbits of H are non-degenerate,
D,, is surjective for finite energy solutions u of (2.1) with index D,, < 2.
P(H)NM;(J) =0 and P(H) N L2(J) is empty or of dimension 0.
Standard arguments (cf. e.g. [7]) implies that generic pairs are regular.

The Floer chain complex FC.(H,J) is given by the Floer chain group FC,(H)
with the boundary map defined by counting the 0-dimensional moduli space of
solutions:

aH,Jflv— = Z #MH,J(M,L;T—77+)T+a
pr(1)=pn (4)+1

and extending linearly. We then show that

Proposition 2.9. With Assumption 2.6 and assuming that (H,J) is regular, then
92, =0,
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Proof. Writing
Ohal= > #Mpa(M Ll Y #Mya(M, Lyl )l

o () =p (lo)+1 prr(lo)=pr (I4)+1

we see that the proposition is equivalent to saying that for each pair of I_ and L,
we have

> > H#Mr3(M, L; lo, 1) # M 3 (M, Ly 1, 1p) = 0

() =pr (lo)+1 i (lo)=pr (I4)+1
The summand above is the counting for the moduli space of the broken half-tubes
connecting Ti. The moduli space of broken half-tubes is part of the boundary
components of the 1-dimensional moduli space Mg 3(M, L;Fl:,ll).

Let C be a connected component of the (compactification) of My 5(M, L; lN,,L).
A boundary point of C is of type I if it is a broken half-tube and is of type IT if
it is a bubbling off of holomorphic discs. The counting in 8?1’ j concerns type [
boundaries. We have the following 3 cases for 9C:

e is empty or is of type I1 on both ends, or
e is of type I on both ends, or
e is of type I on one end and type II on the other.

Obviously, if no type IT boundary occurs in the compactification, an argument
similar to the Hamiltonian Floer theory gives the proposition. In the following, we
assume that the type II boundary does occur. Then the type I boundary and type
II boundary are cobordant and the vanishing of counting for either type implies
the vanishing of the other. In the following we show the vanishing of counting for
the type Il boundary points, which would then imply the proposition.

Assume that the type I7 boundary does occur. Then there exist critical points Ti
and a holomorphic disc v with py, = 2 so that v is attached to a solution u of (2.1)
such that limg_, 1o u(s, ) Zi It follows that uH(l ) = MH(lJr) By regularity
assumptions we see that = l+ = l where [ is a connecting Hamiltonian orbit
of H and u(s,t) = I(t) for all s. Also by our assumption, Ly(J) is compact of
dimension n. It follows that there are .Jy,;-holomorphic discs through each point
of L.

The orientations of the moduli spaces of Jy,;-holomorphic discs with minimal
Maslov number are consistent in the sense that they are connected through cobor-
disms. On the other hand, the orientation of My 3(M, L;1_,1,) # 0 is obtained
as in §2.5, by considering the gluing operations via the canonical orientation of the
moduli space of disc together with the choice of orientations on the moduli spaces
M+ The boundary components of My 5(M, L; I l+) are oriented by considering
the gluing operations. To derive the orientation of the type II boundary points, we
need to consider the gluing of the following moduli spaces to the main component
l:

the moduli spaces Mvi of the capped strips and the moduli space
M (M, L; B, Jy 1) of 1-marked Jy,;-holomorphic disc with pr,(B)
=2.

The ordering of the gluing operations is given by the orientation of the half-tube
R x [0 1]. Namely, for the case of bubbling off of a disc at ¢t = 0, the cyclic order
is /\/l+, My (M, L; B, Jy) and then M_, and for bubbling off at ¢ = 1, the order
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is M,, My (M, L; B, Jy), and then /f\/ler. Note that the orientations of the moduli
spaces of holomorphic discs are consistent, while the cyclic ordering of the gluing
operations are opposite. It follows that the counting of configuration of bubbling
off at t = 0 and ¢ = 1 have opposite signs. It then follows that the counting of type
I1 boundary points vanishes, which implies 6?{7 3=0. O

Thus we define the Floer homology of (M, L) for the regular pair (H,J) to be
FH,(M,L;H,3) = H,(FC,(H,J),0p.5).

The independence of FH, (M, L; H,J) with respect to the choices of (regular) H and
J can be seen using the usual arguments of continuation principle and homotopy
of homotopies.

2.7. Half-pair-of-pants product. The product on F'H,(M, L) can be defined by
a “half-pair-of-pants”, perturbed similarly as in Seidel [16], as follows. Consider
the half-cylinder with a boundary puncture ¥y = R x [0,1] \ {(r,0)}. The surface
Yo has three ends e+ and eq:

ey :|1,00) X [0,1] = ¥g and e_ : (—oo, —1] x [0,1] — X,
where e4(s,t) = (s,t), and
€o - (—OO,—l] X [O, 1] — 2 : (b,O) — s+ it = eb—1+m‘9’

which is holomorphic with respect to the standard complex structures on the do-
main and target, whose image lies completely in (—%, %) x (0, %) The ends e_
and ey are the “incoming” ends, and e, is the “outgoing end”. We choose regular
pairs (Hy,J1) and (Hyp, Jo) for the corresponding ends. Consider the pair (H, J),
where H € C*°(X x M) and J is a family of compatible almost complex structures
parametrized by 3, such that the pull back of (H,J) by the maps e, is equal to
the corresponding pair (H,,J,). Furthermore, we require that H restricts to 0 over

eo([—2,—1] x [0,1]) x M.

Remark 2.10. Here and in the following, a region 2 C R x [0, 1] is provided with
cylindrical coordinates if there is a biholomorphic map e : I x S — 2 where
I C R is a (possibly infinite) interval and S = [0,1] or R/Z. When we ask for
the regular pair (H,J) to pull back to a pair (H’,J’) on a region provided with
cylindrical coordinates I x S, we mean that there is a sequence of (non-empty)
smaller intervals
I"'crrc(ryecrciecl,

so that (H,J) pulls back to (H',J") on e(I” x S) while it pulls back to (0, Jy) on
e((I'\I') x S) for some fixed generic compatible almost complex structure Jy.

The description is conveniently summarized in Figure 1. Let (R x [0,1])? =
(R x [0,1]) \ eg((—o0, —1] x [0, 1]) and consider the equation
(2.6)
9u 4 Jo(uw) (% — X, ,(u) =0 for (s,t) € (R x [0,1])°,
28+ oy (U0) (%2 = Xty (10)) =0 for (s,) € (=00, ~1] x [0,1],
ul@x (o100} © L
where ug = uo¢p. On the ends e, a solution u of finite energy again limits to

critical points I, for the Floer action functional ap, when s — £oo. The half-pair-
of-pants product is then defined on the chain level by counting the 0-dimensional
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moduli space My 3(M, L;T_,To,l~+) of such solutions:
T— * ZE) = Z #MH,J(My L;T—)%ai’+)i+'

Ly
The orientation of the moduli spaces involved is obtained by considering the
gluing with the respective moduli spaces of capped strips. More precisely, gluing
with M+ 5+ (M, L;1_) and My 5+ (M, L; lp) gives a compact perturbation of the

moduli problem for M+ (M 7 T_‘. . The order of the gluing operation is first
HI It

on the end ep and then on e_. With all these fixed, we give My 3(M, L;l,?g,ll)
the induced orientation. We note that, implicitly, we are also using the orientation
of the moduli spaces of holomorphic discs.

To show that it passes to homology, we again look at the boundary of the 1-
dimensional moduli space of solutions. The assumption on the minimal Maslov
number implies that a generic family does not have any disc bubbling, and thus all
1-dimensional moduli spaces can be compactified by adding broken trajectories.

Remark 2.11. There are two boundary components in R x [0, 1]. In the discussion
above we could also puncture the half-cylinder at (0, 1) instead, and all the argu-
ments would go through and end up with a product of the form Io *_. The model
used above, which is used in this article, will be called the right model, and the one
which punctures (0, 1) will be called the left model.

Now we assume that the identity exists for the product just defined and give
a description of it in the following. For § < 1, the domain we consider is the
unpunctured domain in Figure 2. The semi-annulus labelled by Hj is biholomorphic
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to the half-cylinder [Ind + 1, —1] x [0, 1] by the following:
es:[Ind4+1,-1]x[0,1] =R x[0,1] : (b,0) s s+ it = pb—1+mif

As § — 0, the length of the half-cylinder goes to co. We then choose a regular
pair (Hg, Js) that pulls back to the respective regular pairs on the shaded regions
and to (0,Jp) on the half-disc labelled by 0. When § > 0, counting of the 0-
dimensional moduli spaces of the solutions to the perturbed 8 equation described
by Figure 2 gives the connecting homomorphism between FH,(M,L; H_,J_) and
FH,(M,L;H,,J,), which by definition is the identity on the Floer homology
FH,.(M,L).

Now let 6 — 0. Then in the limit the domain splits into two parts, one of which
is the domain in Figure 1. Another part is the “cap domain” as shown in Figure
3. Now let M HE J% (M, L;lp) denote the corresponding moduli space of caps (as

FIGURE 3

considered in §2.5) defined by the above domain, and consider the element defined
from counting dimension 0 moduli spaces:

Iy =Y #Mpyy 55 (M, L;lo)[lo] € FH.(M,L).
Io

A gluing argument as those in [3] then shows that multiplication by 1, gives the
identity map of FH,(M,L), i.e. 1y, is the identity of FH,(M, L) under the half-
pair-of-pants product.

2.8. Action of FH,(M). Putting in our framework ideas that first appeared in
Albers [3] and then in Biran-Cornea [4], we have the following.

Proposition 2.12. There is a natural action FH,(M) ®5, FH.(M,L) —
FH,(M,L), that exhibits FH,(M,L) as a right FH,(M)-module, where the Novi-
kov ring A, is defined over R.

Let us first recall some basic notation from the Hamiltonian Floer homology
FH,(M). We consider the space QM of contractible loops in M and its covering

space QM which fits into the following covering diagram:
T, — QM — QM.
An element 5 € QM is an equivalent class of pairs (y,v), where
{y:R/Z - M} € QM and v: (D? S') — (M,7)
such that v(e?™*) = (t). The equivalence relation is given by
(7,v) ~ (7/,v"), whenever v =+ and I,(v# — v') = I.(v# —v') = 0.
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We describe the definition of such an action at the chain level. The domain we
consider is g = R x [0,1] \ {(0, 3)}, on which we put the structure of 3 ends, ey
as in the previous subsection and e,:

i
2

which is biholomorphic and whose image lies completely in (—%, %) X (%, %) We
choose regular pairs (Hy,Jy) for FH,.(M,L) on the ends ey and (H,,J,) for
FH,(M) on the end e,. We consider the pair (H, J), where H € C*°(¥Xy x M) and
J is a family of almost complex structures parametrized by ¥ so that it pulls back
to the respective (H,,J.) on the ends. The domain is again summarized in Figure

4. Let X = X \ ep((—00, —1] x R/Z) and consider the equation

€p - (=00, —1] X R/Z — Xp : (b,0) —~ s+ it = eb—1+2mi0

e Vs 215 i- & N B
l_l / Hp : \‘ l+
f= - == o= o o R . T - ————
. \ \'
I
H_ \\ e *i - v ’ 6—2 H+
—0 1 0 1 00
FIGURE 4
@.7)
o 4 Jos(u) (% — Xy, ,(w)=0 for (s,t) € XF,
Bue 4 Jep(ort) (u0) (T2 — Xitop (u,,)) =0 for (s,2) € (—00,—1] x R/Z,

ulrx{0,1} C L,
where u, = uoe,. On the ends e,, a solution u of finite energy limits to crit-
ical points Ti and 5p for the respective Floer action functionals when s — +oc.
The chain level action is then defined by counting the 0-dimensional moduli space
MH,J(M,L;T_,70,1~+) of such solutions:

l_o 70 = E #MH,J(M7 Lv l—) ’70: l+)l+'
Iy

The moduli spaces involved are oriented by the canonical orientation of moduli
spaces of discs as well as the choices of orientation for the caps. The chain level
action passes to homology by our assumptions, which guarantees no bubbling off
of holomorphic discs and spheres for the dimension 1 moduli spaces. Composing
with the PSS isomorphism, we obtain the action of QH,.(M) on FH,(M,L).

For the sake of completeness and commodity of the reader, we continue to re-
formulate ideas and results introduced by Albers in our setting: we now show that
the action gives a structure of the F'H,(M )-module. Thus we need here that

(2-8) I_ o (1 xpp F2) = (I= 01) 0 72,

where *pp is the pair-of-pants product in F'H,(M). We consider the twice-punc-
tured domain $po = R x [0,1] \ {(R, }),(0,3)}, where we always set R > 0.
The basic structure of ends on the domain is illustrated in Figure 5, where r =



1148 SHENGDA HU AND FRANCOIS LALONDE

1

!
A}

T 1
i :
] 1
: I
t_l ] _'I’ 1 \\ _‘I' 1 \\ L
— 5 gt e \H:'g;*“‘—\g':\“,"——: """
] ~ -~
i H_ i E— ' :F i Hy l~+
] 1 1 1
: 1 1 1
—00 -1 0 R R+1 0o
FIGURE 5
i |
: |
—Ih —l.
i e 559 n Y
+— 1 By % ¥F w0
B Hity LNy
. T4 H T Hy =
L : ! Iy
—00 -1 0 %R %R R R+1 oo
FIGURE 6

emin(%, 1) for some e < 1. The end e_ : (—oo,—1] x [0,1] — X g is the identity
map, while ey : [1,00) x [0,1] — X g shifts by R to the right. The structure of
the ends in the shaded discs labelled by H; for j = 1,2 are given by

ej: (—00,—1] X R/Z - Bpg: (b,0) 5 s+ it — 20 4 5.

where 2y = § and zp = R+ 3, and (H;,J;) are regular pairs for FH,(M) on
the ends e; for j = 1,2. Equation (2.8) is obtained when R — 0 or R — o0,
for which we need compact perturbations of the above basic structure. Because
the perturbations are restricted in a compact region of the domain, as well as
the absence of bubbling off of discs and spheres, the corresponding operators and
resulting moduli spaces (at dimension 0) allow for a cobordism argument, which
will establish equation (2.8).

For R — oo we choose regular pair (Hog,Jg) for FH.(M, L) and perturb as in
Figure 6. We write the coordinates explicitly in the region labelled by Hp:

R R
€)R : [0, 5] X [0, 1] — ZR,O g (S,t) — (S+ Z,t).

When R — oo, the width of the shaded region labelled by H goes to co. This gives
the right hand side of (2.8). On the other hand, for R < 1 we choose a regular pair
(Hs,J3) for FH.(M) and perturb as in Figure 7, where the shaded region labelled
by Hj is an annulus centered at (g,% , for which the outer circle has radius e~!

and the inner circle has radius 2R. This region is biholomorphic to the cylinder
[n(2R), —1] x R/Z via

esr:[In(2R), —1] x R/Z — Zpo : (b,0) — s+ it = ®+2™¥ | %(R + ),
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and we put on the annulus (Hs g, J3 ) using the cylindrical coordinates given by
the map e3 p. When R — 0, the length of the above cylinder goes to co. This gives
the left hand side of (2.8).

The equations we consider are similar to (2.6), where we choose a generic family
of pairs (HE, J®) where HR € C*°(Z g x M) and J® is a family of almost complex
structures parametrized by X g o, so that its pull-back to the cylindrical parts (the
shaded parts in the above diagrams) coincides with the corresponding labellings and
restricts to 0 in a neighbourhood of the boundaries of the shaded regions. Then
the equation for (u, R) has the form:

(2.9)
% + th(u) g—'t‘ — XHQ,(“)) =0 for (s,t) € unshaded region,
%t + Jﬁ(s’t)(u*) %‘— - XH:;(S‘!)(U*)) =0 for (s,t) € the domain of e,,
u|gx{0,1} C L,

where u, = uoe, and ¥ = +,—,1,2, (0, R)when R— 00 (3, R)when R—0 Tespectively.
The gluing that relates the limiting configuration to the configuration where R €
(0, 00) is similar in all respects to the one employed in the literature, e.g. in [3].
We recall here that the pair-of-pants product in F'H,(M,w) is defined by con-
sidering the domain S? \ {0, 1,00} (see Figure 8). The shaded discs around 0, 1

FIGURE 8
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and oo are provided with cylindrical coordinates, so that the discs around 0 and
1 are identified with (—oco0,—1] X R/Z and the one around oo is identified with
[1,00) x R/Z. To set the order of the multiplication, let 5; be critical points for the
action functional of H; for j = 1,2. Then counting 0-dimensional moduli spaces of
maps from the above domain satisfying the perturbed holomorphic equation as de-
scribed in Figure 8 defines the product 7; *72. Comparing this with the description
of Figure 7, we see that the F'H, (M )-action is indeed a right action.

Remark 2.13. Via the PSS-isomorphism between F'H, (M) and QH.. (M), the action
described in this section can also be thought of as a right action of QH, (M) on
FH,(M,L). In a way similar to the description of the PSS-isomorphism, the action
by QH., (M) can be constructed directly using Morse trajectories as in Biran-Cornea

[4]-
2.9. Albers’ map. We describe a proof of the following.
Proposition 2.14. The action introduced above is compatible with the comparison
map & : FH. (M) — FH.(M, L) introduced by Albers in [3] via the half-pair-of-
pants product, whenever all ingredients are defined. It means

(=] o Fol = [I=] * & ([Fo)),
where [I_] € FH.(M, L) and [] € FH.(M).

We consider the domain X5 = R x [0,1] \ {(0,6)}, § — 0, with the cylindrical
structure as in Figure 9, where r = € for some € < 1. We choose a regular

-
- -
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H_ : e D I Hy
: Y > S \\ t
1 £ 4 | . \ i
t=6 — — — — — - = &+ —— == — == — — — —
1 § 4 VHiN,, v \ I
- 9 t<LTr b 1
—00 -1 0 26 e2 1 oo
FIGURE 9

pair (Hy,Jo) for FH,(M,L) and (Hy,J;) for FH,(M). The shaded half-annulus
labelled by Hj is centered at (0,0), and the outer radius is e 2 and the inner
radius is 26. The cylindrical coordinates on the shaded half-annulus is given by the
biholomorphic map

€as : I0(28) +1,—1] x [0,1] — 25 : (b, 0) > s + it = b 1H™E,

and we put on it (H, g, Ja0) using e, 5. When § — 0, the length of the cylinder
goes to co. We then solve an equation for (u,d) of the type (2.9) with the above
domain and the cylindrical data. In the limit § — 0, the domain splits into the
domain for the half-pair-of-pants in §2.7 together with the “chimney domain” used
to define the map <¢; see Figure 10. Then a gluing argument similar to the one in
[3] proves the statement.

The following corollary of Proposition 2.14 gives the image of the identity 1 €
FH,(M) under the comparison map .
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Proposition 2.15. Suppose that identity exists for the half-pair-of-pants product
defined in §2.7; then /(1) = 1,.

Proof. According to Proposition 2.14, we only have to show that the action of 1
on FH,(M,L) gives the identity map. We consider the domain in Figure 11, for
6 € 1. When é§ > 0, this again leads to the identity map on the Lagrangian Floer
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) - i
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homology FH,(M,L). In the limit when § — 0, the domain splits into two parts,
one of which is described in Figure 4. The other one is the “capped domain” in the
description of the PSS map in [13]; see Figure 12. A similar argument as in §2.7

7/ N 7 N\

/ \\ /I
| ] \
| : Hp | '
|\ ! \ ]

1
\\ / \\ ‘,
1 o0
FIGURE 12

shows that counting the dimension 0 moduli spaces of caps gives 1 € FH,(M),
and a gluing argument then shows that the action of 1 on FH,(M, L) is indeed the
identity map. O
3. SEIDEL’S CONSTRUCTION FOR LAGRANGIAN FLOER HOMOLOGY
For the discussion in this section, we impose furthermore the following.

Assumption 3.1. FH,(M,L) is non-vanishing; in particular, L is non-displace-
able in M.
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By this assumption, any (time-dependent) Hamiltonian function has a con-
tractible flow line connecting points on L.

3.1. Path group and action. Let Hamy, (M, w) be the subgroup of Ham(M, w)
that preserves L, i.e.
¢ € Hamp(M,w) <= ¢ € Ham(M,w) and ¢(L) = L.

We consider the following path group in Ham(M,w):
Definition 3.2. The path group

PrHam(M,w) := {g: ([0,1]; {0}, {1}) —» (Ham(M,w); id, Hamp (M, w))}
is a group with pointwise composition:

(goh)i = gihy.

For g € PrHam(M,w), the action of it on a path { : ([0,1];{0,1}) — (M, L) is

(goD)(t) = grol(t).

Suppose that g is generated by K : [0,1] x M — R. Then we have g*ag = apyg
and ¢*(,)3 = (, )gs, where

HY(t,x) = H(t, grz) — K(t, gix) and J?(z) = dg; " o Jy(gi) o dgs.

In particular, we have (H9)" = H9" and (J9)" = J9". Let ¢; denote the Hamil-
tonian isotopy generated by Hy; then HY generates g; Y4,. Tt follows that the
connecting Hamiltonian flow lines of H; and H{ are in one-to-one correspondence.

As in Lalonde-McDuff-Polterovich [8] where it is shown that Ham (M) acts triv-
ially on homology (and sends contractible loops in M to contractible loops), one
easily sees that the same argument shows that the action of PrHam(M,w) on the
space of paths preserves the component Pp M.

Most computations in the following are parallel to the corresponding ones in [16].

Proposition 3.3. The action of PpHam(M,w) on Pr,M can be lifted to an action
of PrHam(M,w) on the covering P, M, where

PrHam(M,w):= {(g,g) € PrHam(M,w)xHomeo(P,M)|§ lifts the action of g} .

Proof. We only need to show that the action can be lifted. Suppose v : S' —
PrM is a loop that can be lifted to 73LM. Then it is represented by a map
B : (S'x[0,1],5' x {0,1}) — (M, L), such that w(B) = pr(B) = 0. The
loop 79 = {g(vs)}sest is represented by BY(s,t) = g; o B(s,t). Because dg; :
(B*TM,0B*TL) — ((B9)*T'M, (0B9)*TL) is an isomorphism of symplectic bun-
dles preserving the Lagrangian boundary conditions, it follows that ur(BY) =
pr(B) = 0. We compute (B9)*w = w(aaB;g, aaBtg)ds ANdt = B*w + df with
0 = K(t,BI(s,t))dt. Since 0]ys1x[0,1) = 0, we find that w(BY) = w(B) = 0.
Thus, 9 can again be lifted to P M, which implies that the action of g can be
lifted. O

The groups fit into the exact sequence
0 — I'y, — PrHam(M,w) — PrHam(M,w) — 0,
and passing to homotopy, we get the exact sequence
'y —» m(Ham(M,w), Hamy (M, w)) — 7 (Ham(M, w), Hamy, (M, w)) — 0.
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Let | = [l,w] € PLM (not necessarily a critical point of any functional), and let
¢, : Tyy(zyM — C™ be any trivialization satisfying ®, : T}y L — R" for r € [~1,1].

Let ®J be a similar trivialization defined for 19 = [19, w9]. Now consider
G = odgs o @eﬂlrt cr — C".
Then {G¢R"} is a loop of Lagrangian subspaces in C". Then the following definition

e'nrt

does not depend on either the trivialization or the choice of I.

Definition 3.4. The Maslov degree of g is u(g) = p(G+R™). O

Proposition 3.5. Let] = [I,w] be a critical point of amo; then 19 is a critical point
of ag. Furthermore, 1 is non- degenerate if and only if 19 is so. For such critical
points, we have u(§) = pu (%) — pps(l). It follows that p : § — w(G) defines a
group homomoprhism p : 71 (Ham(M,w), Hamy, (M, w)) — Z.
Proof. A direct computation from the definitions establish the first statement of the
proposition. Suppose [ is non-degenerate. Then dgf1 odo1(TyoyL) h Ty)L <=
dp1(Tyoy L) M Tie (1)L, since dg; preserves T'L, and so the second statement follows.

Let 19 = [19, w9] and @, : Tjyo(,yM — C" be a trivialization that defines 1p(19).
Then

H(ﬁ) = p(ER™ R™), where E; = ®ix: 0 de; 0 <I>;1 :C" — C™.

Let ®J : T,,,(;yM — C™ be the trivialization defining jifs (l) Then

prs (1) = p(EIR™ R™), where Ef = @9, odg; ' odgy o @)~ '.cr -
Suppose & = ®; and let G, * =®9 0 dg; to® .. Then E; = G o BY = G #FE?

e'nrt

because Gt is a loop. Thus the property of the Maslov index of Lagrangian paths
(see [14], Theorem 2.3) gives

P(ER",R™) = 1(Gy) + p(E{R",R") = (@) = pu (1) — pa (D).

In a way entirely parallel to [16], we have

Proposition 3.6. For critical points T,, L of agse, there is a bijection of moduli
spaces: o o
MHQ’JQ(M,L;177Z+) — MH7J(M,L;lg,li)
U — u9d
where

(3.1) u9(s,t) = gt o u(s,t).
Furthermore, (H,J) is reqular iff (H9,39) is regular. The map FC.(g; H,J) defined
by (1) — (I19) passes to homology,

HF.(g): FH.(HY,J9) — FH,\ ,(H,J),

and defines an automorphism of FH.(M, L) of degree u(g). Furthermore the fol-
lowing hold:
( ) fO?” (gvg) (Zd72d)7 FH*(g) = id,
(2) for (g,9) = (id,B) with 8 € I'y,, we have FH,(g) = (- id,
(3) FH.(9) is a Ar-module automorphism of degree u(9q),
(4) FH.(gog') = FH.(9) o FH.(g'). 0
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3.2. Homotopy invariance. We consider a smooth path {g, },c[o,1] starting from
the identity in P,Ham(M,w) and a lift {(g,,§,)} of it to P Ham(M,w). Then
Proposition 3.5 implies that p(g,) = 0 for all » € [0,1]. The path {g.} corresponds
to a smooth family {g,+}(r+)e[0,1)2 of Hamiltonian diffeomorphisms in Ham(M, w)
so that
go,t = gro = td and g, 1 € Hamp (M, w) for all r € [0, 1].

Choose a smooth family of Hamiltonians K, : [0,1] x M — R for r € [0, 1] so that
K, generates g, and Ky = 0. Let

Ho(t,x) = H(t, gr,t(x)) - Kr(tagt,r(x)) and Ji(h = dgr_,tl © Jt(gr,t(x)) o dgrt-

Let (HQ,J()) = {(Ht7jt)}te[0,1] and (Hl,Jl) = {(Hfl,Jiql)}te[o)l]. Then the
construction in the last subsection gives

FH*(gl) : FH*(H]_,Jl) — FH*(H(),J())
Let (H,J) = {(Hs ¢, Js,t)}(s,t)erx[0,1] De a regular homotopy connecting (Ho, Jo)
and (Hl, Jl)l
7T T ) — (H17J1)7 S<_17

(HS7JS) - {(HO7JO)7 821

We consider the moduli spaces of the solutions of the following equation for maps
u:R x[0,1] - M with u: R x {0,1} — L:

o ()(?;: Xy, ()>=0-

Here (H,J) being regular means that all solutions u are regular i.e. their lineariza-

tions are surjective. The moduli space Mg 5(M, L; :1_,1,) denotes the space of
solutions u that converge to Hamiltonian paths when s — +o0:

~ —1 ~
lim =/ and lim =1,
S——00 s——+o00

where Ti are critical points of ag. The dimension of the moduli space is given by
pr (=) = pa(ly),
since there is no R-action anymore. Then the continuation map on the chain level
Qp3: FC.(Hy) — FC.(Hy)
is defined by counting dimension 0 moduli spaces:
a3 ) =3 #Mp s (M, L LI,
[

That @5 5 is a chain map is shown by considering the dimension 1 moduli spaces.
Thus we have the continuation map for Floer homology, which is also denoted @ 3.
The homotopy invariance of F'H,(g) is equivalent to the following:

Proposition 3.7. With the above setup, we have FH.(g1) = @5 3.

Asin [16], we consider the deformation of homotopies, from the trivial homotopy
to (H,J) by the curve {(g,,g-)}, which is a family

(ﬁ, j) - {(Hr,s,ta Jr,s,t)}(r,s,t)e[o,l]><]R><[O,1]a
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where

H,si(x)=H{"(z), Jrsi(x)=J(x) fors<—1,

H, g 1(x) = Hi(z), Jrsi(x)=J( for s>1,
(x) —J(z)  and

5 z)
x)
Hl s t(x) = Hs t(x) Jl,s,t(ir) = Js,t(x)~

) () = Jy
HOst(x) = Hy(x), J07s,t(37) Ji

The equation that we are now concerned with is the following:

ou ou
(32) % + J’r,s,t(u) (E - XH,,.,s,t (U’)) =0

for the pair (r,u), where r € [0,1] and u : R x [0,1] — M with Ou : R x {0,1} — L.
Let Mg 5(M, L;1_,1) denote the moduli space of solutions (r,u) so that u solves
the equation at the parameter r and converges to Hamiltonian paths as s — 400,
i.e.,
~ —1 ~
lim =077 and lim =1,

§——00 s—+00
where Ti are critical points of ay. Then the expected dimension of this moduli
space is

() = p() + 1,

because of the extra parameter r. The deformation of homotopies is said to be
regular if the linearized operator for (3.2) is surjective for all (r,u) and no bubbling
off of either spheres or discs occurs for the moduli spaces with dimension <1. We

note that here the monotonicity guarantees the existence of regular deformation of
homotopies. ([l

3.3. Module property and Seidel element.

Proposition 3.8. The map FH,(§) is a~m0d~ule map with respect to the half pair
of pants product on FH,(M, L), i.e. for [I_],[lo] € FH.(M, L), we have

FH.(§)(L-] * [lo]) = FH.(3)([_]) * [lo)-

Proof. Because of the homotopy invariance, we may reparametrize g so that g, = id
for t € [0, %] Consider the half pair of pants product defined by the punctured strip
as in Figure 1, §2.7. Let (H,J) be a regular pair which pulls back to the ends ey
and eg respectively as (Hy, Jy) and (Hy, Jop). Then the pair (HY,J9) defined by

HI(s,t,x) := H(s,t,g;v) — K(s,t,g:x) and J9(s,t,x) := dg; * 0 I +(x) o dg;
pulls back to the ends e+ and ey respectively as (HY,J%) and (Ho,Jo). Let 1%
and [4 be critical points of the action functionals ay, and agg respectively and

Iy a critical point of ap,. We then have the isomorphism of moduli spaces as in
Proposition 3.6

MH!],JQ (Ma L7 Z—7 iOa Z—‘r) = MH,J(Ma L7 Zza [07 Zi) U ug7
where u9(s,t) := g; o u(s,t). The statement then follows. O

From the properties in Proposition 3.6 and the homotopy invariance, we may
define similarly the Seidel element for the Lagrangian Floer homology. Here we
have to assume more.
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Definition 3.9. Suppose that FH,(M, L) is non-zero and has an identity element
with respect to the half-pair-of-pants product defined above, which is denoted 1.
Then
FV;p:=FH,(g)(1.) € FH.(M,L)

is the Seidel element for the class [g] € 71 (Ham(M,w), Hamp (M, w)).

It follows that in this case, for [ZN] € FH.(M, L) we have

FH.(g)([l]) = F¥g,o = [l].
The assumption above is satisfied in many cases, for example the diagonal in

M x M.

3.4. Hamiltonian fibrations over a disc. The unit disc D? in C can be paramet-
rized by the upper half-plane H compactified by R and a point at co.

Notation 3.1. The following notation are only used in this section. They are NOT
compatible with the notation for the same objects used elsewhere in this paper. In
the parametrization by H, let

D3 = {z € H| + (2| — 1)=0}.
The two half-discs can be identified by the map
Df_ — D% iz 27 or ret? s rtet,
We consider the fibration over D? defined from an element g € PrHam(M,w):
Py=M x D} UM x D%/ ~: (z,e"™) ~ (g(z), ™) for ¢ € 0,1].

Let m : P, — D? denote the projection. We note that along the S'-boundary, we
have the restrlcted bundle N that is obtained as the union of the copies of L in
each fiber; it is a Lagrangian submanifold of P. Note that N ~ L x S! over S!
if the restriction of g, to L is diffeotopic to the identity. A choice of the lifting

g € PLHam(M,w) amounts again to the choice of a section class og in ma(Py, N)
as follows. For z € L, consider | = [z,2] € Py, and let 19 = [g,(z), w] with

w: DY — M :w(e™) = g(z).
Via the identification of D3, we write
D s M:w_(2) =w(zY);

in particular, w_(e"™) = g;(z) as well. Now the following section in P, represents
0g:

{w} U{w_}/ ~ (2,e™) ~ (gu(@), ™) for t € [0,1],
where, for example, {w_} denotes the graph of the map w_.
Definition 3.10. Let the smooth map u : D? — P, represent B € mo(P,, N). The
vertical Maslov index of B, denoted u”(B), is the Maslov index of the bundle pair

(u*TV Py, (Qu)*TYN), where T" = kerdrm denotes the respective vertical tangent
bundles.

It’s not hard to show that the above is well defined and not dependent on the
choice of a smooth map u. We then have the following.

Proposition 3.11. u(g) = p¥([og]).
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Proof. The trivial Lagrangian path TN = T, L over D? is isotopied to G¢(z)R"
over D? . via any trivialization chosen for u*T?P,. The proposition follows from
the definitions. O

Remark 3.12. Since we will not need it in this article, we leave it to the reader
to check that the definition of the action of the paths in PrHam(M,w) on the
relative Floer homology can be interpreted in a geometric way on this bundle over
the 2-disc, exactly as the absolute Seidel morphism was interpreted in Lalonde-
McDuff-Polterovich [8] as a map from the quantum homology of the fiber at the
north pole to the quantum homology of the fiber at the south pole in a fibration
over the 2-sphere.

For this purpose, one considers the fibers (M1, L+1) = 7~ !(£1). The natural
map from FH,(My,Ly) to FH.(M_1,L_1) can be defined by the pearl complex
(i.e. linear clusters). Namely, one flows inside M; from a critical point of the Morse
function on L in a linear cluster until that cluster reaches a pseudo-holomorphic
section o of P with boundary on N. It then flows along a linear cluster in the fiber
M_q, starting from the point o N M_y € L_;, until it reaches some critical point
of the Morse function on L_; C M_1.

3.5. Compatibility among the actions. We start by noting the obvious inclu-
sion:
QoHam(M,w) C PrHam(M,w),

where QoHam(M,w) denotes the group of smooth loops in Ham(M,w) based at
the identity. Recall that in [16] the covering QoHam(M,w) is defined as follows (cf.
Proposition 3.3):

QoHam(M,w) == {(g,9) € QoHam(M,w) x Homeo(QM)| ¢ lifts the action of g}.
Lemma 3.13. We have the inclusion of groups
ﬁoHam(M,w) C ﬁLHam(M,w)7
extending the inclusion T, AN 'y in §2.1.
Proof. We show that
QoHam(M,w) C PYHam(M,w),
where
POHam(M, w) = {(g@ € PrHam(M,w)| g1], = id € Diff(L)}.
Let

O M = QMNP M

be the space of loops in M starting at points in L. Then an element of QqHam (M, w)
or PrHam(M,w) is determined by how it acts on ;M. This fact gives a definition
of the inclusion QoHam (M, w) < PrHam(M,w).

Let 7 : QM — QM and T, 75LM — Pr M be the covering projections. Con-
sider

QLM =7~ Y (QLM) and PYM = n; (L M).
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Then by definition, we have

QM = {(I,wa)|l € QLM and wq : (D?,SY) = (M,1)}/ ~a,

PLM = {(I,wp)|l € Q.M and wp : (D%;04,8) — (M;1,L)}/ ~p,

where

wq ~q wh <= 1,(ve) = I.(ve) = 0 for vg = wo#(—wg),

wp ~p wp = I,(vp) =I,(vp) =0 for vp = wpH#(—wp).
Let’s choose and fix a smooth map

v:(D3;04,00) — (D% 8%,{1})
which contracts dy to {1} and is an isomorphism otherwise. We have for wq
Wo == wgor: (D3;04,00) — (M;1, L),
as well as
wo ~o Wy = Wo ~p W,

The “=" above is obvious. The “<” is because I, :31'6 on the maps of the form

WaH#(—wg). In particular, ¢ induces an inclusion ¢, : QM — 752M
On the other hand, for wp as above, we define dywp by

wpla, + ([=1,1], {£1}) = (=1, /{13, {[1]}) 2 (L,1(0) = 1(1)).
We then see that dy : wp — Jywp defines a map
85 PIM — m(L)/K,
where K is the image of ker I, Nker I, under the map mo(M, L) — m1(L) and there
is the exact sequence
0 Q.M 2 POM %y (L)/K.

It follows that P9 M is a disjoint union of copies of QM.
Now an element in QoHam (M, w) is determined by its action on Q7 M and one in
PYHam(M,w) by its action on PY M. It follows that QoHam(M,w) is the subgroup

of ﬁgHam(M ,w) preserving each copy of Q.M in 752M . The rest of the statement
is obvious. (I

Remark 3.14. From the lemma, we obtain the exact sequence described in (1.1):
T Ham(M,w) — 7 (Ham(M, w), Hamy, (M, w)) — moHamy (M,w) — 0,

where the third term is the quotient. From the extension sequences of the first two
groups and from the triviality of moHam(M,w), we have the following extension
sequence:

0 — I'" — moHamy (M, w) — moHamy (M, w) — 0,

where I is a quotient of I'f,.
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Theorem 3.15. Let [§] € HF,(M,w) and § € QoHam(M,w) C PrHam(M,w).
Then we have?

< (FH.(9)([7])) = FH.(9)= ([7])-

Proof. Recall the description of the “chimney domain” in [1] as R x [0, 1]/ ~, where
(s,0) ~ (s,1) when s<0, and the conformal structure at (0,0) is given by 1/z. For
us, the domain is depicted in Figure 13, where the shaded left half of the strip has
its two boundaries glued together forming a half infinite cylinder. Let (H,J) be a
regular pair for both FH,(M) and FH,.(M,L) so that (H9,J9) is also regular for
both of the theories.

HY

=)
8

FIGURE 13

We then consider an equation similar to (2.1):

Gu + JP(u) (%2 - Xpys(u)) =0 forall (s,t) € R x [0,1],
(3.3) u(s,0) = u(s, 1) for s < 0.
uljo,00)x{0,1} C L

Then &7 (7) is defined by counting 0-dimensional moduli spaces of solutions to (3.3).

We note that FH,(3)([5]) is represented by 49 while FH,(§)([l]) by 19. As in
Proposition 3.6, there is a bijection of moduli spaces of solutions to (3.3) with the
pair (H9,J9) and that with the pair (H,J), given by

u > u9, where u9(s,t) == giou(s,t): R x [0,1]/ ~— M.

This can be shown by directly computing the corresponding equation (3.3).

It follows that &/ and F'H,(g) commute on chain level. The independence of
choices as well as of g in the same homotopy class is established similarly as in the
case for the Seidel maps. O

Corollary 3.16. Assume that the identity exists for FH.(M,L); then the Seidel
element FW5; € FH.(M,L) is defined. Let FU5 denote the Seidel element in
FH,(M). Then we have

o (FU5) =FV;1.

2The same holds for Seidel elements in quantum homology, for which one applies the con-
struction in [10] for the Hamiltonian Seidel elements, while the relative version is obtained from a
similar construction in the fibration over a disc. Correspondingly, one needs to consider H .f (M;R)
and H5 (M, L; R) instead of H5 (M) and H§ (M, L) when defining the Novikov rings.
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Proof. Recall that Proposition 2.15 states that /(1) = 11, where 1 and 1 are
the respective identity elements in F'H,(M) and FH.(M,L). Now replace [7] in
Theorem 3.15 by 1 € FH,.(M), and we obtain the proposition. O

Remark 3.17. The above corollary completes the commutative diagram (1.1), where
the maps ¥ and ¥, are defined respectively as

\I/(g) = F\IJ(} and \IJL(g) = F\IJ!})L.

4. REVERSING THE SIGN OF THE SYMPLECTIC STRUCTURE

We consider here the effects of reversing the symplectic structure on M, i.e. the
relations between the structures defined on (M, w) and (M, —w).

Fix a Lagrangian submanifold L C (M,w). Let w’ = —w and ¢} and p’ denote
respectively the Chern class and Maslov class for the reversed symplectic structure
and L. Then we obviously have

Iw/ = —Iw,Ic/ = —Ic and I,J/ = _IH'

Correspondingly, we have the Novikov rings A, and Ap.. Let 7 : mo(M) — mo (M)
and mo(M, L) — mo(M, L) be the respective involution induced by reversing the
signs. Then it induces involutions 7 of the groups I',, and I';, as well as isomorphisms
of the Novikov rings as graded rings:

(41) T Aw — Aw/ and 7 : AL — AL/ : aBeB — (71)%degeBaBe-r(B).

Under our assumption, we see that dege? is always even for either of the two
Novikov rings, and thus the above is an isomorphism over R.

4.1. Quantum ring structure on QH,(M). Let 2m = dimg M; then the orien-
tation of (M,w’) is the (—1)™-multiple of that of (M,w).

Lemma 4.1. Let h and @Y denote the intersection products on H.(M,w) and
H,.(M,w') respectively. Then we have

TlahB) =71(a) ™ 7(8),
where o, f € H, (M) = H,(M,w) = H.(M,w") and
7:H(M,w) = H (M) : a— (-1)"a.
Proof. Let {v;} be a base of H.(M) and {7} its dual base with respect to the
product r, and let {'y;-‘l} be that with respect to m’. Thus we have

= (-
Let a,b,c; and ¢} be generic cycles representing «, 8,7; and 7;. The intersection
product h (respectively M’) is alternatively written as

amf= Z ﬂ,'yj 75 ( respectlvelyam B = Z 5,7;/>/7j)7
J

where (a, 8, v; *) is the intersection number of axbx c¢; with A, the minimal diagonal,
in M3, oriented by w. We only need to compare the coefficients in front of the v;’s

The orientations of the cycle A in (M,w)? and (M, —w)?, as well as the orien-
tations of M? in either case, differ by (—1)™, while the orientations of 7v; and 7;-‘/
also differ by (—1)". The lemma then follows. O
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We consider the effect on QH,(M). Since
QH,(M,w) =H,(M)® A, and 7 : Ay, — Aur,
we naturally define the induced map by
(4.2) Tt QH(M,w) = QH.(M,w') : a® f + 7(a) @ 7(f).

Proposition 4.2. The map 7. defined in (4.2) is a ring isomorphism of quantum
homologies over the isomorphism 7 of the Novikov rings in (4.1).

Proof. The quantum intersection product on QH,(M,w) (resp. QH.(M,w")) is
denoted * (resp. #'). Choose and fix a base {v;} of H.(M) and denote {v;}

(resp. {’yj*/}) the dual base with respect to the intersection product on (M,w)
(resp. (M, —w)). Then for o, 8 € H.(M),
axB=> (B prie P and ax’ B="(a,B8,7] Vpye Z.
J,B j,B
We need to check that 7. {(ce?) * (3e®)} = 7. (ae?) ' 7.(Be?), where we dropped

the ® in the expressions. It follows from Lemma 4.3 below, which compares the
coefficients of the two quantum intersection products. Given the lemma, we have

LHS = 7.{(ax B)e*P} =1, Z (a, B,7]) e B¢
5,C

= ()BT g ) yjen B
7,C

6 =D (1) a, 8, 47) o)yyem AP

73,C
= > (1), (<1855 Vyeyrge O ()W H (1) Per) |
J,C
= RHS,
where ¢ is Lemma 4.3. O

Lemma 4.3. For all B €T, and j, we have
<aaﬂ,7;>B - (71)m+IC(B) <Ol,ﬂ,")/; >:—(B)

Proof. We first recall the definition of the triple intersection (o, 3,7;) . Consider
the moduli space Mg 3(M,w, J; B) of J-holomophic spheres in M with 3-marked
points, representing B € I',. The marked points fix the parametrization of the
principle components in the domain, and we assume that they correspond to 0,1
and oo (in that order) respectively. Let ev denote the evaluation map

ev: Moz(M,w, J; B) — M3.

Choose and fix generic cycles a,b and ¢* in M representing the classes «,  and 77,
so that ev is transversal to a X b x ¢*. Then the triple intersection is defined to be
the cardinality of the following intersection when the resulting dimension is 0:

(@, 8,77) g = evi(IM]) ha x b xc".

Let p : CP! — CP! denote the standard complex conjugation on CP' = S2; in
particular, it fixes the 3 marked points 0, 1 and co. We note that u : S? — (M, w, J)
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is J-holomorphic and represents B € T, iff p(u) : S? & §2 — (Mo, J') is
J’-holomorphic and represents 7(B) € T',,. We can in fact establish an explicit
identification of the moduli spaces:
p: M0,3(M7w7 J7 B) — MO,?)(Ma (JJ/, J/a T(B)) U p(’ll/)7
where slightly more care is taken in case of the nodal domains. Furthermore, the
evaluation maps coincide, i.e.
ev = ev’ o p, where ev’ : Mo 3(M,w', J';7(B)) — M>.

It then follows that the two triple intersections coincide up to a sign.
The sign comes from two sources, the manifold M and the moduli spaces M.
The orientation of (M, —w) implies that

v = (~1)™F and A= (~1)*" .

It follows that the overall sign only comes from M and the identification p. We
check this sign in the following. Fix u € Mg 3 (M,w, J; B). Then the tangent space
at u is given by the linearized operator DJ;:

DIy (€)(2) = VE(2) + J(u(2)) 0 VE(2) 0 4. + Lo.t., for € € Q°(uw*TM),z € S?,
where V is the induced connection on u*T'M from a Hermitian connection on
TM, compatible with (w,J). The ~operator Dd; can be homotopied through
Fredholm operators to the standard 0 operator on the holomorphic vector bundle
u*T}’OM . Under this homotopy, we obtain an identification of the solution space
to HO(CP*, u*T}’OM). The orientation of Mg 3(M,w, J; B) at u is then defined by
the canonical orientation of the complex vector space H°(CP*, u*T}’OM ).

For v := p(u) € My 3(M,w’, J'; 7(B)), we have similarly the linearized operator

DIy (C)(2) = V'¢(2) + T (v(2)) o V/¢(2) 0 4. + Lo, for ¢ € Q°(v*T M),

where V' is the induced connection on v*T'M from the same Hermitian connection
on T'M. The following in fact holds:
D(i]/ = p*DéJv
and thus the homotopy to 0 is pulled back via p. The orientation of the moduli
space Mo 3(M,w', J';7(B)) at v is thus defined by the canonical orientation of the
complex vector space H(CP!, ’U*T}}O(M)).
The tangent map dp at u is
dp : § = p*&, where (p*¢)(2) = £(p(2)),
which induces the following indentification as real vector spaces:
dp: H(CP', E) — H°(CP', p*E),
where ¥ = u*Tg’lM is a rank n holomorphic vector bundle over CP'. We check
that dp is complex anti-linear by evaluating & and dp(§) at respective points in CP'.

Since the fibers £, and (p*E) ) are identical with opposite complex structures,
we have for A € C:

(1" (A E)(2) = (M) r(p(2)) = (M) p(p(2)) = (A" 5(2)-

It follows that the orientation of the map p is given by
(_1)dimMo,3(JVI,B) _ (_1)?"14-1@(3)7

p(z

and the lemma follows. O
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4.2. Seidel elements in QH,(M). The group Ham (M, w) is naturally a subgroup
of Diff(M). Suppose that {H;}icjo,1) generates giecpo,1] € Ham(M,w). Then, re-
garded as an element in Ham(M, —w), it is alternatively generated by {—H} };e(0,1]-
We see that
Ham(M,w) = Ham(M, —w) C Diff(M).
We define a reversion map 7 on the group of loops:
(4.3) 7 QoHam(M,w) — QoHam(M, —w) : g :={g:} — g~ := {g1-+}-

The following lemma is obvious:

Lemma 4.4. Suppose K = K; generates the loop g € QoHam(M,w). Then K :=
{Ki_+} generates the loop g~ € Qo(M, —w). O

We note that the loop g~ is homotopic to g~1 in Ham(M, +w), viewed as an
identical subgroup in Diff (M).
The reversion map 7 on QM can be extended to QM via

7([y,v]) = [r(7),7(v)], where 7(v) : D* — M : z + v(Z).
Then 7 : QoHam(M, w) — QoHam(M, —w) is defined by

7(9.9)(r(3)) = 70 (9,9) o 7(7) for 7 € QM.

In the following, we will use the description of the Seidel element W, for [g] €
mHam(M,w) in terms of Gromov-Witten invariants in the Hamiltonian fibration
Py — S? defined from [g] as in Lalonde-McDuff-Polterovich [8].

Proposition 4.5.
Ur(pg) = (Vi) € QHL(M, ~w).

Proof. Let (g,§) € QoHam(M,w) and let U5 be the corresponding Seidel element.
Let P, = S2 be the fibration defined by g:

P, = D? x MU, D3 x M, where D} x M > (e*™ x) ~ (e*™ g,(2)) € D3 x M,

and & the coupling form on Py, extending w on the fibers. Then, for appropriate € >
0, wg = T wp + €k is a symplectic form on Py, where wy is the standard symplectic
form on S? inducing the positive orientation on D? (thus negative orientation on
D3). Then ¥y is defined by looking at the section classes in P,.

The corresponding bundle Py~ can be defined similarly. We give an alternative
construction below. Let r : D? — D? be the standard conjugation as the unit

disc in C, and use the same letter r to denote the induced conjugation map on
S%? = D? Uy D3. Then

P

- =1 Py, k™ = —1r"k, Py = 1" Py .k = —r*k~ and r*wy = —wo,

where, of course, r is also used to denote the pull-back maps between the Hamil-
tonian fibrations in the above. The symplectic form on P - is then

* — *
Wg— =T Wo +EK =T Wy— = —Wy,

ie. r: (P,

changeably.

wy-) = (P,, —w,) symplectically. The two sides will be used inter-
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Let 09 € Hy(Py) be the standard reference section class (cf. [10], Lemma 3.2).
For example, when ¢; (T'M) and [w] are not proportional on spherical classes in M,
we require that

¢ (00) = k(op) = 0.
Then we have Uy = e?9W ) for some oy € Ho(M;R) and
iy = D (M) IM], 02 (5 ) gy (56 € QE (M),
B,j

where ¢ : M — P, is the inclusion of a fiber, B € Hyo(M;R) so that o + t.(B) €
Hj(Py;Z) is represented by a section and {;}, {; } are dual bases of H,(M) under
M, and (...) denotes the Gromov-Witten invariants in (Py,wg). It follows that

(i) = Y (=DM, M), 0 (0)) gy o myri€ T € QHL(M, —w).
B.j

Let o be a section class in (P,,w,), i.e. mo = [(S% wp)] in the natural ori-
entation. Then 7(0) := —o is a section class in (Py, —w,), because m,(—0) =
[(S?, —wo)]. On the other hand, oy := 7(0yp) is a standard reference section class
as well. We may write the Seidel element for 7(g) in QH.(M,—w) as V.G =
67—(05)\1/7-([9]), where

Vegg = D (ML M), 64 (0 ) (v
55

and we have to show that

(M1 ML, 68 Vs o ey = (C1™ (ML M), (0 g (-

The dimension of the relevant moduli spaces is m 4+ 14 ¢1 (T'P)(0g + t+(B)). Let
[Py, wq] be the fundamental class of P, with orientation given by wy. Then

[Py, wq] = (*1)m+1[Pg’ —w,] and
[M,w] = (-1)"[M, —w].

We also have W;l = (=1)™vj. It follows from the same argument as in Lemma 4.3
that the overall sign for the Gromov-Witten invariants is given by

(_1)3m+3+3m+m+1+01(TP)(O’o-‘rl,*(B)) _ (_1)m+c1(Ts2)([32])+c‘1’(B) — (_1)m+IC(B).

O

5. REVERSING OPERATIONS IN LAGRANGIAN FLOER HOMOLOGY

We first define a reversion map on P M that we denote by 7. Let [ = [I,w]
denote a typical element of Pr M, i.e.

L:([0,1],{0,1}) — (M, L) and w : (D3;0+,90) — (M1, L).
Then we define [ := 7(I) by
1:[0,1] > M:t—i(l—t)and w: DI — M : 2z — w(—2).
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It’s obvious tllat T is an involution, i.e. 72 = id. We note that the action of
ma(M, L) on P, M as deck transformations are intertwined by 7:

(Bol) = 7([l,w#B]) = [l w#B] = [l,w#r(B)] = 7(B) o .

It follows that 7 defines an involution on 75LM .
Now let (H,J) be a regular pair for defining the Floer homology of (M, L;w).
We consider the reversed pair (H,J):

ﬂt = H;_; and it =—Ji_s.

Then it’s easy to check that the corresponding action functionals satisfy

an(l) = an(D).
In fact, the involution 7 identifies the metric (, )y with (,)s as well. We show that
the Floer homologies are identified by 7.

The next three lemmas are obvious.

Lemma 5.1. [ is a Hamiltonian path of H in (M,w) <= [ is a Hamiltonian path
for H in (M,w’ = —w). Furthermore, | is non-degenerate <= [ is non-degenerate.
Proof. Let X; = w(dH;) be the Hamiltonian vector field of H;. Then X,=
—w(dH1-¢) = —X;_¢ is the Hamiltonian vector field of H,. Let ¢; and Qt be the
Hamiltonian isotopies generated by X; and X, respectively; then Qt =¢1_40 (b;l.
Thus ¢ = ¢7", and the lemma follows. O

Next we compute the Conley-Zehnder index.

Lemma 5.2. pg(l) = pu(l).

Proof. We recall the notation in §2.3. Let ®, : (Tiy)M,w) — (C",wp) be the
trivialization of w*T'M so that ®,.(T,,yL) = R™ for all r € [-1,1], and let

E; = ®gini 0 dyy 0 7' € Sp(C",wp)
be the path of symplectic matrices. Then

pu(l) = pW(ER" @ R™, A),
where the symplectic structure on C"@C™ is given by (wo®—wyp). Forz7 a symplectic
trivialization of w*T M is given by
Qz =d_;: (TQ(Z)M, —w) — (Cn, —(JJQ),
and we have
Et = 267,,,,, o dét 021_1 =Fi_;0 El—l
Now the index we need is
pr(l) = p(ER ©R™, A) in (C* & C", —wy © wp).

Comparing it with the expression for p g (1), this reverses both the symplectic struc-
ture and the path of symplectic matrices. The property of the Maslov index of pairs
as defined in [15] implies the lemma. O

Lemma 5.3. The pair (H,J) is regular iff (H,J) is regular.

Proof. 1t is straightforward to check that the defining equations for the various
objects involved in either case are identified by transformations induced from 7. O
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By §2.5, the orientations of the trajectories are given by those of the moduli
spaces of discs (canonically given by the choice of relative spin structure) and the
moduli spaces of capped strips. Here, we discuss first the effect of reversion on the
moduli spaces of discs. We consider the parametrized disc D?. Let p : D? — D?
be the complex conjugation on D? C C. Obviously u : (D?,SY) — (M, L;w,J)
is a holomorphic disc with boundary on L representing B € mo(M, L) iff p(u) :
(D%, 8Y) & (D%, 8Y) % (M, L; —w, —J) is holomorphic and represents 7(B) € I'z.
Let M (M, L; w, J; B) denote the moduli space of parametrized J-holomorphic discs
representing the class B.

Lemma 5.4. With the same choice of the relative spin structure of L in M, the
orientation of the map

p: //\;I/(M,L;w,J;B) — //\/IV(M,L; —w,—J;7(B)) : u > p(u)

is given by (—1)zdes B
Proof. Recall that the orientation of the moduli space of discs is given by the
identification (cf. [6, 4]):

ker DOy ~ ker(Hol;(D?, S*;C", R") x Hol; (5% E) <% C").

The three items on the right are oriented respectively by the following. The first
item is oriented by the choice of the relative spin structure, while independent of
the structure J. With the choice of the relative spin structure, the second item is
oriented by the structure J. The last item is oriented by J while independent of
the relative spin structure. Under the map p, the first item is canonically identified,
while the rest follows similarly as in Lemma 4.3. Thus, if we fix the relative spin
structure of L and reverse J, the orientation of the moduli space is changed by
(—=1)2#(B) | which by definition is (—1)~2de8 B = (—1)zdeg B, O

The reversing map 7 on P M induces the correspondence between the respective
caps (cf. (2.3)) via the complex conjugation p of Zo C C. We see that u™ is a solu-
tion of equation (2.4) for (w,J, J, H) iff u™ = u* o p is a solution for (—w, J, J, H).
It follows that the corresponding moduli spaces of caps are isomorphic via the map

piu p(u) = u.
We assign the orientations for the reversed moduli spaces so that the map p pre-
serves the orientations for the preferred basis. The orientations of the reversed caps
given by the reversed preferred basis are related by

(—1)PU#B) = (—1)p(D+5deg B,

Proposition 5.5. 7 induces an isomorphism of Floer homologies, intertwining as
well the isomorphism of Novikov rings (4.1),

7 FH.(M,L,w;H,J) —» FH,(M,L,—w; H,J).
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Proof. The map 7 induces natural transformation taking equation (2.1) for the left
side to the one for the right side:

v(s,t) :=7(u)(s,t) = u(s,1 —t) so that

ov ov
S+ 00 (5 - Xu,0)
ou ou
= — _ 1-— — — X 1-— =0.
88 1t + ‘]1 t(U(S, t)) at 1t Hl—t (U(S, t)) 0

Together with the last three lemmas, we see that the moduli spaces, as well
as the compactifications, correspond via 7 and 7. We then have an isomorphism
at the chain level (where the orientations of the moduli spaces identified by 7 are
defined to be the same), and thus the proposition follows. The intertwining of the
isomorphism (4.1) is automatic. O
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