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ON CONGRUENCE COMPACT MONOIDS

S. BULMAN-FLEMING, E. HOTZEL anp P. NORMAK

Abstract. A universal algebra is called congruence compact if every family
of congruence classes with the finite intersection property has a non-empty
intersection. This paper determines the structure of all right congruence com-
pact monoids S for which Green’s relations ¢ and J# coincide. The results
are thus sufficiently general to describe, in particular, all congruence compact
commutative monoids and all right congruence compact Clifford inverse
monoids.

§1. Introduction. An algebra A is called congruence compact if every filter
base consisting of congruence classes of 4 has a non-empty intersection. An
equivalent definition results if one uses chains of congruence classes in place
of filter bases. This is proved in the same way as the corresponding result
for topological compactness (see for example [15], p. 163). It follows that
congruence compactness can be regarded as a finiteness condition that gen-
eralizes the descending chain condition for congruences, because the latter
implies the descending chain condition for congruence classes. It is also
straightforward to show that homomorphic images of congruence compact
algebras are again congruence compact. These observations will be used freely
in the sequel.

If one deals only with the discrete topology, the notion of liner compactness
for rings and modules, introduced in [19], coincides with congruence compact-
ness in those categories. A ring is called right congruence compact if it is
congruence compact as a right module over itself. In [17], congruence compact
acts over a monoid are discussed. (If S is a monoid with identity element 1, a
right S-act As, the non-additive equivalent of a right R-module, is simply a
non-empty set A equipped with a mapping (a, s) ~ as from A x S into A4 satisfy-
ing the conditions (as)t=a(st) and al =a for every ae4 and s, teS. Left S-
acts are defined similarly.) A monoid will be called right (left) congruence
compact if it is congruence compact as a right (left) act over itself. If a commut-
ative monoid S is considered as a left or right act over itself, then the act
congruences and semigroup congruences on S coincide, so that, when consider-
ing congruence compactness in this case, it is immaterial whether one views S
as a monoid or as an S-act.

The main result of this paper is a description of the right congruence com-
pact monoids in which Green’s relations ¢ and 4 coincide. With some effort,
the description could be extended to a slightly wider class, but the problem of
describing right congruence compact monoids in general appears to be out of
reach. Also, in view of the fact that every congruence-free (i.e., simple, in
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206 S. BULMAN-FLEMING, E. HOTZEL AND P. NORMAK

universal algebra parlance) monoid is congruence compact, it seems unreason-
able at this time to hope for a general description of all (two-sided) congruence
compact monoids.

Throughout this paper, we adopt the notation that, if 8 is an equivalence
relation on a set X and x is an element of X, then x@ stands for the 8-class of
x. The reader is referred to [9, 10] for definitions and standard results from
the algebraic theory of semigroups that are not fully explained here.

§2. Some necessary conditions. We first note that, for right congruence
compactness or congruence compactness, it makes no difference whether one
considers semigroups or monoids. (In the sequel, we will freely switch between
the two.)

ProposiTION 2.1.  Let S be a semigroup without identity (resp. zero) ele-
ment. Then S is right congruence compact if and only if S' (resp. S°) is right
congruence compact.

Proof. This is straightforward.

We now present conditions that are necessary for a monoid to be right
congruence compact.

ProrosiTioN 2.2.  Every right congruence compact monoid is periodic.

Proof. Let S be a right congruence compact monoid and let s be any
element of S. Suppose that

pl,p2,P3, e

is a list of the prime numbers in ascending order. For each keN, we let p;
denote the principal right congruence on S generated by the pair (s*, s *7).
The set {s*p,: keN} is a filter sub-base consisting of right congruence classes
because, for any finite set K< N, the Chinese remainder theorem asserts the
existence of an integer # such that u=k (mod p;) for each ke K. Hence, for
each k, u=k+z,p. for some integer z,. Addition of a suitable multiple of
ﬂke x Px yields an element teN such that t =k + ry p, with each r,eN. It follows
easily that s’ belongs to (Meex s*pi. Tt now follows by assumption that there
exists x€( Jeen S Pr.

In any monoid, the right congruence p(wt, t) generated by a pair of the
form (wt, 1) is easily seen to be contained in the right congruence p(w, 1),
which consists of all elements (a, b) such that w”a=w"b for some non-negative
integers m and n. (A full characterization of the relation p(wt, 1) is given in
Lemma 2.2 of [2].) Thus, in the present situation, there exist non-negative
integers iy, n; for each keN such that

7Py = sk'*'"kpk.
Suppose that s has infinite order. We claim that

My pr—k — e pe



ON CONGRUENCE COMPACT MONOIDS 207

assumes the same value ¢ for all natural numbers k. If not, there exist k+#/
such that

mypi—k—nmepe<mp,—Il—np,
which may be written

mype+I+np<mp+k+ngpi.

We may now calculate

gMupr ke smlplsk + nepr

= §MUPIGMk Pl
= Pk Pl
— SmkpksH- nmp;

= gMPit I+ mp
b

contradicting the assumption that s has infinite order. But now, if p; is one of
the prime factors of ¢, then from

DPrl My pe—k—nepy

we conclude that p, divides k, which is surely impossible. If the constant ¢
were equal to +1, then (m, —n, )p.=k £ 1 for all k£, which is again impossible.

The following result is now clear (cf. (4], Exercise 4, p. 21).

CoroLLARY 2.3. Every congruence compact commutative monoid S is a
semilattice of its maximal one-idempotent subsemigroups S., where

S.={seS: s"=e for some neN}
for each ee E=E(S).

(Note that the subsemigroups S, are both the archimedean components of
S and the n-classes of S, where 7 is the least semilattice congruence on S.)

Example 5.1 will show that, in general, the subsemigroups S, of a congru-
ence compact commutative semigroup S need not be congruence compact.
Right congruence compactness is however inherited by subgroups, as will now
be demonstrated.

PrROPOSITION 2.4.  Every subgroup of a right congruence compact monoid
is right congruence compact.

Proof. Let G be a subgroup of a right congruence compact monoid S.
Any right congruence class of G is of the form Hg, where geG and H is a
subgroup of G. Any such right congruence class is actually equal to the class
2P~ m of S, where p(xx m denotes the smallest right congruence on S identi-
fying all elements of H.

Thus any filter base of right congruence classes of G is a filter base of right
congruence classes of S, and so has non-empty intersection.
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It is known that the right (or left) congruence compact groups are precisely
the artinian groups, i.e., the groups satisfying the descending chain condition
on subgroups [13]. Thus right congruence compactness and left congruence
compactness coincide for groups. If, for each neN, we let H, be the alternating
group on the set {n,n+1,...}, then, being simple, G=H, is a congruence
compact group. However, G is neither left nor right congruence compact,
because

GDH23H3D e

is an infinite descending chain of subgroups of G.

§3. Right congruence compact monoids in which ¢ =#. In the next part
of the paper, we restrict our attention to monoids in which all of Green’s
relations coincide. We first consider chain conditions for idempotent-generated
one- and two-sided ideals of such a monoid S. In case S is periodic (e.g., if S
is left or right congruence compact), we will show that S satisfies the a.c.c. or
d.c.c. for idempotent-generated principal left or right ideals if and only if it
does so for idempotent-generated principal two-sided ideals. A preliminary
lemma is needed.

LemMA 3.1. Let S be a monoid on which Green's relation ¢ is a right
congruence. Then, for any p, g€ S,

SpSSqS=SpS ifandonlyif pq#p.

Proof. 1If pq #p, then
SpS=SpqS<SpSqS<SpS,

whether or not # is a right congruence.

On the other hand, suppose that SpSqS = SpS, so that p =upxqy for some
u, x, yeS. It follows that p #pxq and px #p. Hence, pxq #pq, and so p #pq,
as required.

ProrosiTiON 3.2. Let S be a periodic monoid in which § =#. Then the
Sfollowing conditions are equivalent:

1. every ascending (resp. descending) chain of idempotent-generated principal
right ideals of S is finite;

2. every ascending (resp. descending) chain of idempotent-generated principal
left ideals of S is finite;

3. every ascending (resp. descending) chain of idempotent-generated principal ~
ideals of S is finite.

Proof. The proof consists of verifying each of the following claims. We
omit those verifications that we judge to be straightforward.

(a) Suppose that S is a monoid on which # (resp. ., %) is a congruence.
Then S=S/ ¢ (resp. S/ &L, S/R) is #- (resp. #-, #-) trivial. There is an order-
isomorphism between the poset of principal (left, right) ideals of S and the
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poset of principal (left, right) ideals of S/ ¢ (resp. S/.%, S/#), under which a
(left, right) principal ideal I of S is mapped to the (left, right) principal ideal
I={%:xel} of §. (If xe S, then ¥ denotes the congruence class of x, modulo
the relevant Green’s relation.) Under this correspondence, globally idempotent
principal (left, right) ideals of S correspond to globally idempotent (left, right)
ideals of S. (A one- or two-sided ideal I is called globally idempotent if
r’=r .

(b) Ina periodic monoid S, a principal (left, right) ideal is globally idempot-
ent if and only if it is idempotent-generated. The non-obvious part of this is
proved as follows. Suppose that aSaS=asS for some aeS. If u, veS§ are such
that a=auav, then

a= auav = (au)auav(v) = (au)’a(v*) = - - - = (au)"a(v")

for all natural numbers n. If e=(au)” is idempotent, then aS=eS, as desired.
(A similar argument prevails for left or two-sided principal ideals.)

(c) Suppose that Sis a monoid in which # =A. Then S satisfies the ascend-
ing (resp. descending) chain condition for idempotent-generated right ideals if
and only if S satisfies the corresponding chain condition for idempotent-gener-
ated two-sided ideals. We present a proof of (c).

Suppose first that

eSce, S - -

is an ascending chain of idempotent-generated right ideals of S, and that S
satisfies the ascending chain condition for idempotent-generated principal two-
sided ideals. Suppose that »n is a natural number for which Se,S=Se,. ,S.
Then, because S is #-trivial, e,=¢,+1, and so e,S=¢,.,S, as desired.

Now assume that

Se,SeSe, S+ - -,

and that S satisfies the ascending chain condition for idempotent-generated
principal right ideals. For any n, from Se, S < Se, .S, we deduce that

Se,+15Se,S=Se, S.

From Lemma 3.1 (in its left-right symmetric form), together with ¢-triviality,
we obtain e, . e, =e¢,, and so in fact we have a chain

elSce,S=- - -

of idempotent-generated principal right ideals of S. If e,,S=e¢,,+1S, then also
Se,,S= Se,,+1S, completing the proof of (c).

The equivalence of, say, the “ascending” parts of 1 and 3 of the proposition
is now proved as follows. Note first that because # =%= =, it follows
that ¢ is a congruence. Using (a) and (b), we see that S satisfies the ascending
chain condition for idempotent-generated principal right ideals if and only if
the monoid S/# does. But Z=_¢, and S/ ¢ is #-trivial, so this is true (using
(c)) if and only if S/ # satisfies the a.c.c. for idempotent-generated principal
two-sided ideals, which occurs (using (a) and (b) again) if and only if S itself
satisfies the a.c.c. for idempotent-generated principal two-sided ideals.

The remaining parts of the proof follow similarly.
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Our next goal is to show that, in a right congruence compact monoid in
which # = 5, all chains of idempotent-generated principal left (or right) ideals
are finite. This is equivalent to showing that such a right congruence compact
monoid satisfies both the ascending and descending chain conditions for idem-
potent-generated principal left (or right) ideals.

LemmMma 3.3, Let C be a non-empty subset of a monoid S. Then C is a right
congruence class of S if and only if, for all s, t, ueS,
s, t, sueC = tueC.
Further, C is a congruence class of S if and only if, for all s, t, u, veS,

s, t, vsue C = vtueC.

For xeS and Y<.S with {Sy: ye Y} a chain, define
T.y={seS: xs¢xA, ys=y for some ye Y},
and
Ty .= {seS: ys¢yR for some ye Y, xs=x}.
Note that xs¢ xZ is equivalent to xsS<x.S.
LEmMmA 3.4,
(@) T,y is a subsemigroup of S, which is either empty or a right congruence
class of S.

(b) If #=A, then T,y is either empty or a congruence class of S.
() If YSE(S) N Sx, and (x, y)¢ ¢ for all ye Y, then Y= T, y.

Proof. (a) If se T,y and teS, then xtsScxtS<xS. If ¢ also belongs to
T. v, let y,y’eY be such that ys=y and y't=)". Let " be such that
Sy'=SynSy'.

Then y"st=y"t=y". This shows that T, y, if non-empty, is a subsemigroup of
S. To show that it is a right congruence class, it suffices, by Lemma 3.3, to
show that

s, t,sueT,y=tueT,y.

Given s, ¢, sueT, y, we see first that xtuS <= xi1S<xS. Supposing that y, y', y”
and 7 are elements of Y such that

ys=y,yt=y, y'su=y"
and
SycSyn Sy nSy”,
we see that
Jtu=ju=Jysu=7Jy,

and so the proof of part (a) is complete.
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(b) Assume that # =A. Note that this implies that £ = A, which in turn
implies that, for all x, y, z€ S,

Xyz=XxX=> Xy=X=Xz.

Now, using the second part of Lemma 3.3, suppose that s, t, vsueT,y. We
seek to show that vtueT, y also. To show that xvtuS < xS, we consider two
cases. If xv=x, then

xotuS=xtuS = xtS< xS,

because reT.y. If xv#x, then xvtuScxvScxS, the last relation following
from #-triviality. Finally, if y, '€ Y are such that yvsu=y and y't=)', then
we also have yu=yv=ys=y, as noted above. Now, for any y"e ¥ with Sy" <
Sy n Sy, we easily see that y"vtu=y", as needed.

(c) Suppose thatY S E(S) n Sx, and that (x, y)¢ # for all ye Y. To show
that Y= T, v, suppose that xyS=xS for some ye Y. Then we would have x=
xyz for some ze S, and also y=1x for some reS. Together these imply that
(x, y)e #, a contradiction. The fact that each ye Y is idempotent finishes the
proof.

Lemma 3.5.

(a) Ty. is a subsemigroup of S, which is either empty or a right congruence
class of S.

(b) If §=A, then Ty, is either empty or a congruence class of S.

(¢) If xeE(S) and (x, y)¢ ¢ for some ye Y such that Sx< Sy, then xe Ty,
(so that Ty, is a right congruence class).

Proof. (a) Let s, t belong to Ty,, so that ysScyS for some ye¥, and
xs=xt=x. Then ystS<ysScyS, and xst=xt=x, showing that st belongs to
Ty.. To show that Ty, is a right congruence class, it suffices to show that

s,t,sueTy = tueTy,,.

Because ytSc<yS for some yeV, it follows that yruS<ytS<yS. Moreover,
xtu= xu=xsu=x. This completes the proof of (a).

(b) To show that Ty, is a congruence class, under the assumption ¢ =A,
it suffices to show that

S, t,osueTy = vtueTy,.

If yv=yp, then yotuS=ytuS < ytScyS, whereas if yv+#y, then yvtuS<yvScyS
(because ¢ =#=A). Also, from x=xuvsu we see that xu=xs=xv=2x, and so
xvtu= xtu=xu=x as required. Thus Ty, is a congruence class.

(c) We must show that Ty, contains x. If yxS=yS were true, then because
Sx < Sy we would have x £y, contradicting our assumption. The fact that x*=
x finishes the proof.

LeEMMA 3.6. Let S be a congruence compact monoid which is §-trivial.
Then every descending chain of idempotent-generated principal left, right, or two-
sided ideals of S is finite.
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Proof. Assume that there exists a strictly descending chain of idempotent-
generated principal left ideals. That is, there exists a sequence

ey, €, ...
of idempotents such that

Se;oSe; o - -
Define

E={¢:j>i}.

Because £, E(S) n Se; and (e;, ¢;) ¢ # whenever j> i, using Lemma 3.4(c) we
conclude that E; =T, g for each i. Now from part (b) of the same lemma we
know that T, g, being non-empty, is a congruence class of S. If i</ then
T. =T, . (If e;s=e; were true, then

ejs=eje,‘s= eje,-= €;

would also hold; in other words, seT., g, implies that e;sSce;S. Moreover, if
ys=s for yeE;, then the inclusion E; S E; is used to complete the argument.)
Finally, note that

NTr=2.

ieN
This is because, if xe ﬂ ien Te, E;» then e;x =¢; for at least one index j. However,
if x were an element of T, g, then we would have ¢,x #e,.

COROLLARY 3.7. Let S be a right congruence compact monoid for which
F=H. Then every descending chain of idempotent-generated left, right, or two-
sided principal ideals of S is finite.

Proof. Note that # is a congruence on S. The monoid S/ ¢ is #-trivial
and right congruence compact (and therefore congruence compact). We have
shown in the preceding lemma that every descending chain of idempotent-
generated principal left ideals of S/_# is finite. The correspondence principle
stated in part (a) of the proof of Proposition 3.2 can now be used to conclude
that every descending chain of idempotent-generated principal left ideals of S
is finite. Proposition 3.2 itself then gives the result for right or two-sided ideals
of S.

LemMMA 3.8. Ler S be a congruence compact monoid which is §-trivial.
Then every ascending chain of idempotent-generated principal left, right, or two-
sided ideals of S is finite.

Proof. Assume that there exists a strictly ascending chain of idempotent-
generated principal left ideals. That is, there exists a sequence
€1,€2,...
of idempotents such that

Se,cSe, - - -
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Define
E,‘={ej:j>i}.

Then, for each i, T, is a congruence class (because e, Tk, .,, by Lemma 3.5
(c)). Next, observe that

l<] = TE,-,e,-QTEj,e,-;
if seTx ., then e, sS< e, S for some k>j=i, and also
AN}
e;S=ue;s=ue;=e

for some uesS.
Finally, note that
() Ts.= .
ieN
This is because, if xe ﬂ ienT g, ¢,» then e, x #e; for some k. But then x does not
belong to Tg, .

COROLLARY 3.9. Let S be a right congruence compact monoid for which
F = . Then every chain of idempotent-generated left, right, or two-sided princi-
pal ideals of S is finite.

Proof. Corollary 3.7 shows that every descending chain of idempotent-
generated left (or right) ideals of S is finite. A similar proof, in conjuction
with Lemma 3.8, establishes the same thing for ascending chains, and so the
result follows.

LEMMA 3.10. Let S be a monoid for which § = #. If x, z€ S, then xSzS=
xS if and only if xz8= xS.

Proof. Suppose that x=xuzv for elements u, veS. Then xZ%xu and so,
because # =% is a right congruence, x = xuzv#&xzv. From this, xS<=xzS. The
remainder of the proof is clear.

ProposiTioN 3.11.  Let S be a right congruence compact monoid for which
F =3. Then, for every infinite set X of incomparable principal right ideals of
S, there exist zeS and P, Q€ X such that PzS=P and QzS+# Q.

Proof. Assuming that the condition fails, let X = {x;S: iel} be an infinite
set of incomparable principal right ideals of S such that, for all zeS and all
i, jel, we have x;zS=ux;S if and only if x;z8=x;S. (Note that Lemma 3.10
was used here.) The assumption that ¢ =¥ implies that # is a congruence
on S. For each seS§, let § denote the congruence class s#, and let Y= {x;:
iel}. Note that, if J is a non-empty subset of I, then C,={X;:jeJ} is a right
congruence class of S/#. For, using Lemma 3.3, suppose that %;, % and
X;Z belong to C; for some xeS. If x;2=2%,, then, from the ensuing relation
x;28=x,S, we obtain j=/, and so necessarily x;zS=x;S. By our assumption,
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X, zS=x; S, and so XxZ=x, €C,;. We now see that
{C;: Jis a cofinite subset of 1}

is a filter-base of congruence classes of S/# having empty intersection, a con-
tradiction to the fact that the monoid S/ is congruence compact.

§4. The main theorem. In this section, we will show that the necessary
conditions obtained heretofore for a monoid S with s = _¢ to be right congru-
ence compact are also sufficient. Some preliminary lemmas are required.

Let P and Q be principal ideals of a monoid S. Then either PQ=P or
PQc P. Consider the corresponding #-classes P\P and Q\Q where P and
Q denote the largest (possibly empty) ideals properly contained in P and Q,
respectively,

LEMMA 4.1. PQ=P if and only if (P\P)(Q\Q)& P.

Proof. 1f PQ=P, and p, qe§ are such that P=SpS, Q=5gS, then p=
xpyqz for certain x, y, ze S. Because py¢P and g¢ Q it follows that pyq belongs
to (P\P)(Q\Q) but not to P.

On the other hand, if PQ < P, we would have

(P\P)(Q\Q)SPQcP.

LEMMA 4.2. Let P be a principal ideal of a monoid S. If a principal ideal
Q is minimal among the principal ideals Q' such that PQ'= P, then Q is the
smallest among them. Moreover,

P\PS(P\P)(Q\0).
If # is a congruence on S, then

P\P=(P\P)(Q\Q).

Proof. Let Q' be a principal ideal satisfying PQ'=P. If Q£ Q’, then
QQ’' < Q (otherwise Q=00Q'<=Q"). Therefore we know that
0Q'=Q= | sas,

aeQ
and so

P=PQQ'<PQ= ) PSas.
ae@
If P=SpS for peS, then there exists aeQ such that pe PSaS, and so PSaS=
P with SaS< Q. However, this contradicts the minimality of Q.

Any element p of P\P (i.e., any generator of P) can be written as p=pq;
where p, eP\P and ;€ Q\Q (for PQ=P, and if ¢, € Q we would have PSq, S=
P with S¢,S< Qc 0, contradlctmg the minimality of Q).

Finally, assume that # is a congruence on S. If P \P J, and Q\Q Jys
then, from above, J,=J,J,=J,,. But comparable congruence classes of the
same congruence are equal, and so J,=J,J,, as required.
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LEMMA 4.3. Let C be a right congruence class of a monoid S for which
Green’s relations § and 3 coincide. Suppose in addition that S is periodic and
that all descending chains of idempotent-generated principal ideals are finite. Then
there exists an idempotent element ec such that SecS is the smallest element in
the set {SpS: peS and ScSSpS=ScS for some ceC}.

Proof. Consider

Fe={SfS: feE(S), ScSSfS=ScS for some ce C},

a subset of the aforementioned set of principal ideals. Clearly S=S1SeFc.
Our supposition about S implies that F- has a minimal element Sec.S, where
ece E(S) and SySSe-S=SyS for some yeC.

We claim that SecS is in fact the smallest element of F-. For, suppose that

SecS & Se, S

with xeC, e, € E(S), SxS5Se,S=S8xS, and Se,S minimal in F.. From
SxSSe, S=SxS and Lemma 3.1, we conclude that xe, #x. But #=.¢, and so
Sxe,= Sx. Because e, is idempotent, this implies that x=xe,. By the same
token, y=yec. Suppose that C is a class of the right congruence p. Then

yece,=ye, pxe,=x,
and so yece.€ C. Moreover, by periodicity, there exists meN such that
ypyecexp - py(ecel)” = ye
where e=(ece.)"€E(S), and so yee C also. Now observe that
SyeSSeS=SyeS,

and so SeS belongs to F. But Ses< SecS, whence SeS= Se.S. But because ¢
and ec are idempotents in the same # = # class, ec=ec Se, S, a contradiction.

Now let p be such that ScSSpS=ScS for some ceC. If c=ucvpw for
u, v, we S, then

c=ucopw=- - -=u"cf,
where n is a positive integer and f= (vpw)” is idempotent. Because
ScSSfS=ScS,
from the previous paragraph it follows that
SecS=SFS<SpS,
as claimed
The next theorem is the main result of this paper. In connection with clause

2, recall that the right or left congruence compact groups are described exactly
in [13] as the groups in which every descending chain of subgroups is finite.
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THEOREM 4.4, Let S be a monoid for which Green's relations § and #
coincide. Then S is right congruence compact if and only if

1. S is periodic,

2. all subgroups of S are right congruence compact,

3. all chains of idempotent-generated principal left (or right, or two-sided)
ideals of S are finite, and

4. for every infinite set X of incomparable principal right ideals there exist
zeS and P, Qe X such that PzS=P and Qz85+ Q.

Proof. The necessity follows from Propositions 2.2 and 2.4, Corollary 3.9,
and Proposition 3.11.

For the sufficiency, suppose that S satisfies conditions 1-4, and that % is a
chain of right congruence classes of S.

For any Ce¥, consider the idempotent ec described in Lemma 4.3. (This
element is uniquely determined because # = #.) If C and C’ are elements of
% with C<= (', then, from ScSSec.S=ScS with ce C<= C’, we deduce that Se.S
belongs to {SpS:peS and ScSSpS=ScS for some ceC’'}, and so
Sec-S=SecS. Using condition 3, we may assume that C,e% is such that
‘Sec,S is the largest element of the chain {SecS: Ce%}, so that ec=ec,=f (say)
for all Ce¥ with C=C,.

Consider any Ce% with C< (. Define

Uc={x¢:xeC, xf=x}.

We aim to show that U is finite. From the definition of e~ and Lemma 3.1,
U¢ is non-empty.

Suppose that x ¢ and x' ¢ (x, x'eC) are distinct elements of U-. Let us
show that xS and xS are incomparable. If xS<x'S were true, then, because
C is a right congruence class, x=x's for some s€.S would imply that xs"eC
for some positive integer m such that e=s" is idempotent. Because SxeSSeS =
SxeS, it would follow that SfS< SeS, and so SfSSeS=SfS, leading to feZf
(using Lemma 3.1). Thus f= feu for some u€S, and therefore

X =xf=xfeu=x'eu=x'ss" 'uexs,

implying that xS=x'S. Hence we would reach the contradiction x ¢ =x'¢.
This shows that distinct elements x_¢ and x'_¢ of U correspond to incompar-
able principal right ideals xS and x'S.

Thus, if Uc were infinite, then {xS: xeC, xf=x} would be an infinite set
of incomparable principal right ideals of S. But now, using condition 4, we
would obtain zeS and x, x’eC such that xf=x, xf=x', xSz8§=xS§, and
x'SzS<x'S. From S$SxS55z5=SxS and from SfS<SzS (Lemma 4.3), we have
f=szt for some s, te S, and so

x' =x'f=x'sztex'SSzS,

a contradiction. Hence U, is indeed finite.
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We may now choose Ce¥, C, < C, such that Ug, is minimal. For ease of
notation, let % = U,. Then each Ce% has non-empty intersection with each
Ye#. If we can show that

(N {YnC:Ce¥, C=Co}

is non-empty for some Ye%, then this will certainly prove our result. In fact,
we show that this is true for every Ye%.

Fix Y=y #e?%. Because # is a congruence, Y is a right congruence class
of S, as is, therefore, each Y n C, with Ce® and C<=C,. Let F=f_# (a group,
because #=¢). It follows from Lemma 4.2 and the minimality of SfS
(Lemma 4.3) that YF=7Y. In fact, Y=yF. (For the proof, consider y'eY.
From YF=Y we have yfe Y=y#, and so y'=y/fs for some se€S. From this,
SySSfsS=SyS and so, as before, SfS < SfsS. Because Sfs5< SfS, we conclude
that fsef #=F. Hence y'eyF.)

Because Y= yF is a homomorphic image of the congruence compact group
F (in the category of right F-acts), Y is congruence compact. It now follows
that

(N {Y~C: Ces, Cc Gy}

is non-empty, and the proof is complete.

CoroLLARY 4.5. A Clifford inverse semigroup S is right congruence com-
pact if and only if E(S) has no infinite chains, and all of its maximal subgroups
are right congruence compact groups.

COROLLARY 4.6. S semilattice is congruence compact if and only if all its
chains are finite.

In connection with the following result, the reader may wish to keep in
mind that the congruence compact abelian groups can be described as those
isomorphic to a direct sum of a finite number of groups, each isomorphic to
some Z,x or to some Z,~ [16].

CoROLLARY 4.7. A commutative monoid S is congruence compact if and
only if
1. S is periodic,
2. the maximal subgroups of S are congruence compact abelian groups,
3. E(S) is congruence compact (i.e., contains no infinite chains), and
4. for every infinite set X of incomparable principal ideals there exist zeS
and P, Qe X such that Pz=P and Qz+# Q.

§5. Examples. The following example shows that the maximal one-idem-
potent subsemigroups S, of a congruence compact commutative semigroup
need not be congruence compact as semigroups.
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ExampLE 5.1. Let S={a;:ieN} u {e;: ieN} U {0}, where 0 is the zero
element of S, and set

a;a;=0, foralli, jeN,

oo 117

0, ifi#),
ea;=ae;= {a,», lfl:j’
0, l.fl ¢j’

Then S is congruence compact, but its ideal So={a;: ieN} u {0} is not.

One way to show that S is a semigroup is to represent it by transformations,
as follows. For each neN define elements @, and ¢, of 7 (Z) as follows:

. —i, ifi=n,
a,= .
0, otherwise;

. {i, ifie{n, —n},
&= .
0, otherwise.

Let @ denote the element of 4 (Z) having constant value 0. One can now
check that

g, ifi=j
&; 8j={ v S .
w, otherwise,

a;q;=w, foralli, jeN,

{a,-, if i=j,
&0;=Q;€8~= A
w, otherwise.

Because Sy is an infinite null semigroup, it is not congruence compact. (The
family of cofinite subsets of S, that do not contain 0 forms a filter-base of
congruence classes having empty intersection.) However, S itself is congruence
compact. To see this, observe that any congruence class that does not contain
0 must have at most 2 elements. (Alternatively, apply Corollary 4.7.)

The next example shows that, in Corollary 4.7, condition 4 is independent
of conditions 1-3.

EXAMPLE 5.2. Let S=Jien {a:, e;} v {0} be a O-disjoint union of (com-
mutative) null semigroups {a;, e;}, in which e, serves as the zero element for each
i. Then S is periodic, the subgroups of S are congruence compact, and E(S) has
no infinite chains. However, S is not congruence compact.

The monoid S' clearly satisfies conditions 1, 2 and 3 of Corollary 4.7. (Also
note that each subsemigroup S, which has either one or two elements is congru-
ence compact.) However, the set X={a;S"': ieN} has the property that, for
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all zeS"' and all , jeN,
a;S'z=a;S"' oajSlz=ajS'(©z= 1),

and so condition 4 of Corollary 4.7 is not satisfied.
Finally, we present an example showing that, in condition 4 of Theorem
4.4, one cannot replace “right ideals” by “two sided ideals”.

ExaMPLE 5.3. Let U be an infinite nil semigroup with the property that
every set of incomparable principal left ideals is finite. (For example, take U to
be the multiplicative semigroup H/Hr, where H is the right open real unit interval
under multiplication, and 0<r<1. The ideals of this commutative semigroup
form a chain (see [11]). Let U’ be a set in one-to-one correspondence with U
under the bijection u — u' for ue U, and such that U~ U'={0}. Consider the
semigroup on U v U’ that has U as a subsemigroup, and satisfies U’ - (Uvw U')=
{0} and uv'=(uv)' for all u,veU. Finally, let S be the monoid (Uv U")".
Because S is itself a nil monoid, it is periodic and satisfies the condition §=H .

The principal right ideals w'S={u', 0} with ue U\{0}, are incomparable, yet
u'SzS=u'S holds only when z=1. Thus condition 4 of Theorem 4.4 is violated.
However, because there is no infinite set of incomparable principal left ideals,
there is no infinite set of incomparable principal two-sided ideals.

By a similar construction (employing a set U” such that (S\{l}) - U"=
{0}), it can be seen that a nil semigroup may have infinite sets of incomparable
principal left ideals and of incomparable principal right ideals without having
any infinite set of incomparable principal two-sided ideals. It can be deduced
from this that a nil monoid may be congruence compact without being left
or right congruence compact. (Recall that a group having this property was
mentioned after Proposition 2.4.) Finally, for the semigroup U= H/Hr in the
example above, U' is a congruence compact monoid in which infinite chains
of principal ideals exist. Thus the term “idempotent-generated” may not be
omitted from condition 3 of Theorem 4.4.

§6. Further results. 'We now point out a connection between congruence
compactness and equational compactness for semilattices. Recall that an alge-
bra A is called equationally compact if every system of polynomial equations
(with constants from A) has a solution in 4 provided that every finite subsystem
has a solution in 4. (A convenient reference on equational compactness is the
survey article by G. H. Wenzel which forms Appendix 6 of [7].) It was proved
in [8] that a meet semilattice S is equationally compact if and only if it is meet-
complete, every subchain of S has a join, and

saV e=V (sac)
ceC ceC
for every se.S and every subchain C of S. Since every well-ordered chain has
these properties, we conclude from Corollary 4.6 that the congruence compact
semilattices form a proper subclass of the equationally compact ones.



220 S. BULMAN-FLEMING, E. HOTZEL AND P. NORMAK

An alternative view may be given as follows. It is easy to see that any right
congruence compact monoid S is l-equationally compact as a left act over
itself. This means that every system of equations

{aix=b;:iel} U {cx=dix: keK},

with a,, b,€S for iel and ¢, dy€S for ke K, has a solution in S provided that
every finite subsystem has a solution in S. In fact, a slightly sharper result,
involving systems of equations over a finite set of variables, can be shown to
hold (Proposition 2.12 of [17]). Within the class of semilattices, 1-equational
compactness of S as a monoid is the same as l-equational compactness as
an S-act. Therefore every congruence compact semilattice is 1-equationally
compact. From [8] we see that 1-equationally compact semilattices are equa-
tionally compact, so that the congruence compact semilattices form a subclass
of the equationally compact ones. Again, a complete, infinite chain is equa-
tionally compact but not congruence compact, so the subclass is proper.

In fact, we can do slightly better. The dual of Theorem 2.1 of [1] states
that, if every subchain of a semilattice S is dually well ordered, then S is a
compact topological semilattice. It follows that congruence compact semilatt-
ices are compact topological semilattices (which in turn form a proper subclass
of the equationally compact semilattices: see §2 of [1]). The closed unit interval
in its usual order provides an example of a compact topological semilattice
that is not congruence compact. Thus the classes of congruence compact semil-
attices, of compact semilattices, and of equationally compact semilattices form
a proper chain.

Not quite so much is true for arbitrary right congruence compact monoids,
as may be seen from abelian groups. Every congruence compact abelian group
satisfies the descending chain condition on subgroups, hence is equationally
compact (=algebraically compact), and the converse does not hold. (For infor-
mation on algebraically compact abelian groups, consult [5].) On the other
hand, the compact congruence compact abelian groups are precisely the finite
ones. Here, we use the fact that the Priifer groups Z,= are divisible, hence
equationally compact, but do not admit a compact Hausdorff topology (see
(12]).

Proposition 2.11 of [17] shows that congruence compactness does not imply
equational compactness. It remains to be seen, however, whether every right
congruence compact semigroup is equationally compact, at least if # =,
We postpone the investigation of this question, even for nil semigroups and
commutative regular semigroups.

Giving a characterization of the equationally compact distributive lattices
is a notoriously difficult unsolved problem, whereas it has long been known
that the equationally compact boolean algebras are exactly the complete ones.
The congruence compact distributive lattices and boolean algebras turn out to
be precisely the finite ones, as we now show.

If 4 is any algebra and a, be A4, let 8(a, b) denote the smallest congruence
relation on A containing the pair (a, b). In the case of semilattices and distribu-
tive lattices we have the following, well-known, descriptions of 6(a, &) when
a<b (cf. [6], Theorem I1.3.3).
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LEMMA 6.1.

(1) If a and b are elements of a semilattice S, with a<b, then (x, y)e6(a, b)
if and only if either x=y, or else xa=ya and x, y<b.

(2) If a and b are elements of a distributive lattice L with a<b, then
(x,v)eb(a,b) ifand only if anx=any and bvx=bvy.

It follows that every interval [a, b] (where a <b) in a semilattice or distribu-
tive lattice is a congruence class, modulo 8(a, b). (The reader is reminded that
the congruences on a boolean algebra are the same as its congruences qua
distributive lattice. However, the congruences on a lattice may differ from its
congruences when it is considered as a meet- or join-semilattice.)

PROPOSITION 6.2. Let S be a congruence compact algebra whose universe
has a partial order < with respect to which, for every a, beS with a<b, the
closed interval [a, b] is a congruence class. Then every subchain C of S in this
partial order is finite.

Proof. Let C be any subchain of S. If C has no largest element, then an
ascending chain

O <cy< -

of elements of C exists. For each meN, define 6,,= Un>m 0,.., where
0pn =010, 1% (emic,;- BeIng the union of a chain of congruences, each 8,, is a
congruence on S. One easily shows that ¢, 0,,,=[c,., ¢.] whenever m <n, from
which it follows that

emOm= U [em, cal.

n>m
Because k<m = 0,28,,, we see that
F ={¢n0,: meN}

is a chain of congruence classes of S. Because S is congruence compact, there
exists re ﬂmeN ¢mB,,. This implies that t>¢,, for all meN, and also t<c, for
at least one ne N. Therefore ¢,=c¢,,;="" -, contrary to our initial assumption.

It can be shown in a completely analogous manner that C has a smallest
element, and so the proof is complete.

COROLLARY 6.3.  Every congruence compact semilattice has only finite sub-
chains. A distributive lattice or a boolean algebra is congruence compact if and
only if it is finite.

Proof. Use the remarks preceding the proposition, together with the well-
known fact (see for example [3], pp. 26-27) that distributive lattices containing
only finite subchains are finite.

We remark that, for lattices in general, congruence compactness does not
force all subchains to be finite: just recall that any lattice can be embedded
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into a simple, and therefore, congruence compact, lattice (¢f. [6], Theorems
IV.4.4and IV.4.2). Figure 1 on p. 150 of [6] depicts a simple, hence congruence
compact, modular lattice that contains infinite subchains.

Although a general description of the right congruence compact monoids,
even the idempotent ones, remains unknown, the remaining results of this paper
illustrate that some progress is nonetheless possible beyond the restricted class
of monoids considered so far.

PrROPOSITION 6.4. Let S= Uyer S, be a semilattice T of right congruence
compact semigroups S, such that every chain in T is finite and such that xexsS,
for each xeS,, for every yeI'. Then S is right congruence compact.

Proof. Observe first that every upward-directed (resp. downward-directed)
subset of I" has a greatest (resp. least) element.

Suppose that €= {a;p,;: icl} is a chain of right congruence classes of S.
Then, for each iel, the set E;={yel': §, na;p;# &} is a subsemilattice of ¥,
and therefore has a smallest element y;. (For the proof, let y, §€E;, and
suppose that xeS$, na;p;, yeéSs na;p;. Then xz=x for some z€S,, and so
x=xzp,yz€S,s N a;p;, showing that ySekE;.)

Now, for each i€/, pick an element x;€S, na;p;. Let

U={y,:iel}.

To show that U is a chain in T, let i, jel. If a;p;<a;p;, then we have
x;€S,, na;p;cS,,nap;. This means that S, na;p; is non-empty, that y;
belongs to E;, and so y;<y;. Similarly, a;p;24;p; implies that y; > y,.

Let y,, denote the largest element of U. We claim that a;p; N Sy 7 & for
each iel. Take any iel. If a;p;<a,pi, then y;=y,, and then, because x;
belongs to S,,na;p;, it also belongs to a;p;n S, . If, on the other hand,
4iPi24; P, then x,€8,, N AP, S Sy, N a:p:.

Now, because 6o={a;p;n S, : i€l} is a chain of right congruence classes
of the right congruence compact semigroup Sy it follows that ﬂ %, is non-
empty, and so | | ¥ is also non-empty, as required.

A corresponding proposition concerning two-sided congruence compact-
ness is obtained by replacing the condition xexS, by xeSxS, u S,xS.

Consider now a normal band S (a strong semilattice of rectangular bands)
which is congruence compact. Corollary 4.6 assures us that the “‘structure
semi-lattice” I' (the greatest semilattice image of S') has no infinite chains.
Assume that

S= U Sy
yel
is the greatest semilattice decomposition of S. Then every congruence of S,
can be extended to a congruence of S. It follows that each S, is congruence
compact, and hence finite (because any union of # or & classes of a rectangular
band is a congruence class). We therefore have the following result.
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COROLLARY 6.5. For a normal band S, the following statements are
equivalent.
1. S is congruence compact.
2. S is right (or left) congruence compact.
3. The structure semilattice T of S has no infinite chains, and all of the
rectangular components of S are finite.

It is obvious that we may replace normal bands in the previous corollary
by bands having the congruence extension property (cf. [14], [18]).
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